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Abstract: An adjustment scheme for the relaxation parameter of interior point approaches to the
numerical solution of pointwise state constrained elliptic optimal control problems is introduced. The
method is based on error estimates of an associated finite element discretization of the relaxed problems
and optimally selects the relaxation parameter in dependence on the mesh size of discretization. The
finite element analysis for the relaxed problems is carried out and a numerical example is presented
which confirms our analytical findings.
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1 Introduction

Let © C R? (d = 2,3) be a bounded domain with a smooth boundary dQ. In this note, we
are interested in the following control problem:

mingcy J(w) = %fQ |G(Bw) — yol* + %HWH%]

subject to G(Bw) <7 a.e. in .

(1.1)

Here and throughout, "a.e.” stands for ”almost everywhere”. We suppose that a > 0, yo €
H'(Q) and 7 € W2>®(Q) are given. Further (U, (-,-)y) denotes a Hilbert space which we
identify with its dual, and B : U — (H'(Q2))" a linear, continuous operator. For given f €
(H'(Q)) the function G(f) denotes the unique weak solution y € H!(f2) to the elliptic

boundary value problem

Ay = f in Q,
d (1.2)
Zi,j:1 aijYg;v; = 0 on 0.

Here, v is the outward unit normal to 02, and

d d
Ay == 0 (aijye,) + Y i, + v,
ij=1 i—1
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where subsequently we assume that, for simplicity, the coefficients a;;,b; and ¢ are smooth
functions in €, and that there exists ¢g > 0 such that

d
D ()68 > colél®  for all € € R and all z € Q.
ij=1

We associate with A the bilinear form
d
a(y, z) = / (Z i ()Y, 2, + Zb L)Y, 2 + c(z)yz)dz, y,z € HY(Q).
Q=1
Furthermore we suppose that a is coercive on H'(2), i.e., there exists ¢; > 0 such that
a(v,v) > e1l|v||3 for all v € H'(Q). (1.3)
Furthermore, if f € L?(£2), then the solution y belongs to H?(£2) and satisfies

Yl < CIIfI,

where have used || - || to denote the L?(£2)-norm.
We note that the formal adjoint operator of A is given by

d

d
Aty = — Z Oz, (Z @ijYe; + biy) + cy.

i=1 j=1

It is not hard to prove that problem (1.1) admits a unique sollltion u € U. Moreover, from
[5, Theorem 2] we deduce that there exist functions A € M(Q) and p € L?(Q) satisfying,
together with y = G(Bu), the dual system

d
/pAU = / (y —yo)v + /_ vdA Vv € H?*(Q) with Z a;ijvg;v; = 0 on 0, (1.4)
Q Q Q 921
B'p+au=0 inU, (1.5)

A>0, y<yae. inQ and /_@—y)d)\zo. (1.6)
9)

Here, M() denotes the space of Radon measures, which is defined as the dual space of
Co(?). It is endowed with the norm

M = sup / iy
feCo(Q),|fI<1/Q

Now suppose

Assumption 1.1.
For u € U there holds G(Bu) € C°(Q).

Example 1.2. There are several examples for the choice of B and U, for which Assump-
tion 1.1 holds.

(i) Distributed control: U = L?(Q), B = Id : L*(2) — H(Q)".

(ii) Boundary control: U = L*(2), Bu(-) = [uyo(-)dx : L*(Q2) — H(Q)', where 7 is the
trace operator in H'(€)). In this case Assumptlon 1.1 holds in the case d = 2.



(iii) Linear combinations of input fields: U = R", Bu = Y .. uifi, fi € H*(Q), s <
(d—1)/d.

Supposing a Slater condition of the type

Assumption 1.3.
There exist 4« € U,7 >0: G(Bua) < —7,

a finite element analysis of problem (1.1) was carried out in [8] (compare also [7]) for ZmB C
L?(§2), yielding the following error bounds:

O(h?), ifd=2,

1
2
(1.7)
O(h1), ifd=3,

lv —unllvs Iy = ynllm =

where up, and y, are the discrete optimal control and state, respectively. If, in addition,
Bu € WH3(Q) then

3_d
lu—unllv, Iy —ynllgr < Ch2724/|loghl.

In the present paper, our aim is to investigate a finite element approximation of an interior
point technique for the numerical solution of (1.1) and to provide optimal adjustment strate-
gies for the relaxation parameter with respect to the finite element mesh size. From here
onwards and without loss of generality it is convenient to set 3 = 0.

The regularized version of (1.1) considered in this paper reads

. 1 o
min J(w) = —/ G(Bw) — yol* + 5wl - M/ log (—y)d, (1.8)
welU 2 0 2 0

where i > 0 denotes the relaxation parameter. In order to make the functional well defined
for all w € U, we set J(w) = 400, if y > 0 on an non-zero set.

The rest of the paper is organized as follows: In Section 2 we collect basic results on (1.8).
In Section 3 we present the finite element analysis of problem (1.8). Among other aspects we
prove the error bounds

Iy =yl + llu — ui o < CRI™E (< Ch*727° for Bu e Wh(Q)),

where y,’i ,uz denote the finite element approximations to y* and u*, respectively. We note
that the latter estimate is in the spirit of (1.7). In Section 4 we discuss the overall errors

ly =y lle ~ lly =y + Ny —yh e and [u —ul o ~ lu — o[y + [Ju? — ul|lu

and propose a-priori strategies for balancing p and h.

In Section 5 we present numerical results which confirm our theoretical findings.

Let us comment on further approaches that tackle optimization problems for pdes with con-
trol and state constraints. In [16] Meyer considers a fully discrete strategy to approximate an
elliptic control problem with pointwise state and control constraints. He obtains the approx-
imation order O(h%~%2-¢) for the state in H' and for the control in L?, where d denotes the
spatial dimension and € > 0 can be chosen arbitrarily. His results confirm those obtained by
Deckelnick and the first author in [7] for the purely state constrained case. A Lavrentiev-type
reqularization of problem (1.1) is investigated in [18]. In this approach the state constraint
y < bin (1.1) is replaced by the mixed constraint eu +y < b, with € > 0 denoting a reg-
ularization parameter. It turns out that the associated Lagrange multiplier p. belongs to
L?(£2). Numerical analysis for this approach with emphasis on the coupling of gridsize and
regularization parameter € is presented by the first author and Meyer in [13]. The resulting
optimization problems are solved either by interior-point methods or primal-dual active set
strategies, compare [17]. The development of numerical approaches to tackle (1.1) is ongoing.
An excellent overview is given by Hintermiiller and Kunisch in in [9, 10]. An introductory
text is provided by Troltzsch with [25].



2 The regularized problem

Problems of the type (1.8) have been analyzed in [22] for the case B = Id. However, by
straightforward modifications this analysis can be extended to the more general case consid-
ered here, provided Assumption 1.1 holds.

First, for each p > 0 problem (1.8) admits a unique solution u* € U with associated state
y* = G(Bu*). Furthermore there exists a function p* € W1#(Q) and a regular Borel measure

M€ M(£2) which satisfy the adjoint system

d
a(v,pt) = /Q(y” — Yo)v + /de)\” Vv € H?*(Q) with Z a;jvz,v; = 0 on 08, (2.9)
1,j=1
B*'p' +aut =0in U.  (2.10)

Moreover, y* is strictly feasible a.e. in €, the measure A* € M (€2) is non-negative, and splits

into two parts:
/ VAN = —/ L +/ vdA. (2.11)
Q Q y# yr=0

The measure A is non-negative and vanishes, if y* is strictly feasible. In this case A* and p*
are uniquely defined. As a consequence the following complementarity condition

/ yHdA =10 (2.12)
Q
holds. Furthermore, from [22, Proposition 4.5] we deduce
i
A 2z sy Hy_M”Ll(Q)a Mz, and [[p"[lwrs@) < C (2.13)

with some positive constant C' that is independent of p.

Remark 2.1. The potential occurrence of A in (2.11) motivates to consider rational barrier
functionals [, b(y; 1) of the form

Mq
bly; ) = T
Their (formal) gradients read
Nq
V) =—1g

In [22] it is shown that for sufficiently high order ¢, the non-regular part A vanishes for all
i > 0. The analysis of this paper also applies to this class of functionals. An appropriate
order ¢ depends on the dimension of the problem and on the regularity of y*, and can be
chosen a-priori for certain classes of problems.

The convergence analysis of the regularization path is also covered by the results of [22]. In
Lemma 5.1 and Theorem 5.3 there it is proven that

Jw) = J(u) < Cu
and
Ju —ull < CVE
hold.
From
ally =yl <aly —y"y —y") = (Blu—u"),y — y*) < Cllu —u"|ully* — yllm

we immediately infer
19" =yl + [lv** —ullv < Cllv”* = uljv. (2.14)



3 Finite element discretization and error analysis for (1.8)

Let 7}, be a triangulation of © with maximum mesh size h := maxpc7, diam(7") and vertices
T1,...,Tm. We suppose that Q is the union of the elements of 7}, so that element edges lying
on the boundary are curved. In addition, we assume that the triangulation is quasi-uniform
in the sense that there exists a constant x > 0 (independent of h) such that each T € 7p, is
contained in a ball of radius k~'h and contains a ball of radius skh. Let us define the space
of linear finite elements,

X, := {v, € C%(Q) | vy, is a linear polynomial on each T € T;,}

with the appropriate modification for boundary elements.

In what follows it is convenient to introduce a discrete approximation of the operator G. In
fact, for a given function v € H'(Q)" we denote by z, = Gn(v) € X}, the solution of the
discrete Neumann problem

a(zp,vp) = (v,vy) for all vy € Xp,.
It is well-known [23] that for all v € L%(Q)

IG(v) = Gu(w)l < Ch2|vl], (3.15)
1G(v) = Gu(v)llL < CH>Z|0]]. (3.16)

The estimate (3.16) can be improved provided one strengthens the assumption on v, compare
[8, Lemma 2.1]. To simplify the exposition we from here onwards assume ZmB C L?(2).

3.1 Estimate for |y* — y}||g, + ||u* — uh |0

Problem (1.8) is now approximated by the following sequence of control problems depending
on the mesh parameter h:

1
min J, (u) := —/ G (Bu) — o> + S [Jullf - u/ log (=Gn(Bu)). (3.17)
uelU 2 0 2 o)

Problem (3.17) represents a convex infinite-dimensional optimization problem of a similar
structure as problem (1.8). It admits a unique solution u’}f € U with corresponding state
yﬁ € Xp,. Furthermore, in accordance with problem (1.8), there exist a unique function

ph € X3, and a regular, non—negative Borel measure ;' satisfying

a(vp,pl) = / (Y} — yo)vn + /vhd)\‘}f for all v, € Xj, and (3.18)
Q

Q
aul + B*pl = 0in U. (3.19)

The function yﬁ is strictly feasible a.e. in €). The measure can be represented in the form

m
/fd)\“ S / %fdx + Zﬂiaxif for all f € C°(Q), (3.20)

5 0 Yn i=1
where fiq,..., pm > 0 and 6., denotes the Dirac measure concentrated at the finite element
node z; (i = 1,...,m). Furthermore, the measure vanishes if 3} is strictly feasible. As a

consequence we also have strict complementarity
m
/ yp d(d  pida,) = 0. (3.21)
& i=1

!



We note that the control is not discretized in (3.17), compare [7, 8, 12, 21] for a more detailed
discussion of this discretization approach.
Next we prove an error estimate in h which is independent of p. For this purpose we first

m
prove an uniform bounds w.r.t. u for ||ﬁ||LI(Q), ||)‘ZHM(Q)7 and Zl,ul
1=

Lemma 3.1. Let Assumption 1.3 be satisfied, let ug denote the unique solutions to (3.17),
and let yﬁ denote the corresponding state. Then

M m
||)‘Z||M(Q)a Hy_uHLl(Q) and Zui <C (3.22)
h i=1

with some positive constant C independent of y and of h.

Proof. Using (3.16) we obtain for some small enough 0 < hg
Gn(Bii) < —g for all 0 < h < hy. (3.23)

Therefore,

T A
i’ / N < / (BN =

) 0
— [ = 0GB~ a(Ga(Bi). ) = [ 0~ w)Gu(Ba) ~ [ B =
Q Q Q
— [k~ 0GB + atiuf) < €
O
Since

p u - 7 - w20
sup [ fdNy = — [ fde + Y pidef < gl + D m = [dN < =,
HfHooglﬁ O Yn i=1 Y, i=1 5 T

m
the claim follows for [|A}]] M)~ Since > p; > 0 the last estimate also gives the claim for
i=1

m
12l () and - ps.
h i=1
We are now prepared to prove

Theorem 3.2. Let u* denote the solution of (1.8) with y* = G(Bu*), and uj, the solution to
(3.17) with y)' = G,(Bu} ). Then there exists some hg, 1 > hg > 0, and a constant independent
of 4 and h such that

Jut —up llo + [v* =y, I < ChY=% for all 0 < h < ho. (3.24)

Proof. Let y",p" € X}, denote the finite element functions defined by

aly™, vp) = /Bu”vh, and a(vp,,p") = /(y“ — Yo)up + /vhd/\“ for all v, € X},
Q Q Q



m
and set A\, 1= Y pids,. Next we test the difference of (2.10) and (3.19) with u* — w). This
i=1

gives

ol = s = [ ~ B — o =
Q

= /(p“ — pn)B(ul — ut)dx + /(ph — ph)B(uh —ut)de =: (1) + (2).
Q Q

We proceed with estimating
« C h (6% C —d
(1) < Sy — i+ Sl = 012 < Sty — w3+ 0 (= gl + IV q)

where we have used a result of Casas [2] to estimate the finite element error ||p* —p"||. Further,
using the definition of the auxiliary functions y”, p and the optimality conditions we get

(2) = aly} — ", p" — p) = / W' — )W — y")dz + / vh =y O = X)) =

Q

Q
L e LV Ly e C R
Q

Q

1 1
< gl — s+ 2uy~—yhu2+/yz—yhdw—Am—

Q

1 2 1 hy 2 / B
519" = yall” + 5lly" ="l +Q (y;‘i i) W —y")de+

<0 by monotonicity

+ / Loy — o) da + / —;L (" — y")dw + /yg‘ —ytd(A = M) <
h
Q Q

Y J
Q
< 1 m w2, 1 m hy2 A _ A _ o I m h
< =zl =y 17+ Sy =y 117 + UM @y s AR ey T s =z o HIv™ = v oo,
2 2 y# Yp,

where we have used the complementarity conditions (2.12) for A and (3.21) for Aj,. Combining
(1) and (2) we obtain with the help of (3.15), (3.16) and the bounds (2.13), (3.22)

L 4-a
alla = i+ 31~ 1P < © (S0 (19 = ol + IV By + 121 )

-4 H H
+c(h2 Q{HAHM@||7HA;Z\M@,\7||L1,||7||L1}).
Y Yn,
Using this estimate and

Iy =yl < 1y — " lm + 1" = vl < C{hlluullo + u® — i},

we finally get the desired result, since hg < 1.
Let us recall that by [8, Lemma 2.1] for v € Wh¥(Q) (1 < s < %) we have

1G() = Gn(0)oo < CH*=% 0lp.s. (3.25)

Now let us assume that Bu* is uniformly bounded in W'#(Q) for some 1 < s < ;4. Then
we deduce from the proof of the previous Theorem



Corollary 3.3.

|u* —ublo + lv* — yi g < Ch2=3s V/|logh| for all 0 < h < hg. (3.26)
Remark 3.4. Let us provide the following comments.

(i) For (i) of Example 1.2 we have Bu = u € W1$(Q) by (2.13) combined with (2.10), so
that (3.26) holds in this case.

(ii) We note that the analysis carried out in this section with obvious modifications also
applies to Neumann boundary control. In this case the control operator is defined
as B : L*(T) — H'(Q) and maps boundary controls u € L?*(T') to the functional
Bu(v) := [wuyovdl, where v € H*(Q). Thus, B = 7, where v : H'(Q) — HY/*(T)

r

denotes the trace operator, see (ii) of Example 1.2. In order to carry out the error
analysis, only finite element error bounds corresponding to (3.16) have to be provided.

(iii) The proof of Theorem 3.2 carries over to rational barrier functionals as considered in
Remark 2.1 by dropping the terms containing A, A\, and by substituting the barrier
integrals accordingly.

3.2 The use of quadrature rules

So far we have assumed that the integrals < w/y", vh> are evaluated exactly. Now let us replace
this term in (3.18) by a quadrature rule of the form

% M
—s Uh = Wi ——<Up\T;),
() =gyt

h

so that the discrete optimality system (3.18)—(3.19) is replaced by

a(vp,pl) = /(yﬁ — Yo)up + <%,vh for all v, € X}, and (3.27)
Q Y, Q
ol + B*pl = 0in U. (3.28)

We will now study discretization errors for this case under the following minimal assumptions;

e the quadrature rule yields positive values for positive functions
e it integrates constant functions exactly
e it yields a solution y} which is feasible

Note that assumptions on the error introduced by the quadrature rule are not needed.

It is easy to see that yj is strictly feasible at ;. Otherwise the discrete barrier functional
would be co. These assumptions are valid a-priori for linear finite elements, if the bound
y € X}, the quadrature points are taken at the nodes of the discretization, and the weights
are chosen appropriately (from the trapezoidal rule, say).

We apply the quadrature rule only for the evaluation of the barrier term, while all other
integrals are assumed to be evaluated exactly.

Theorem 3.5. Let u* denote the solution of (1.8) with y* = G(Bu*), and ), the solution to
(3.17) with y}' = G,(Bu}). Then there exists some hg, 1 > hg > 0, and a constant independent
of p and h such that

[u = ut o+ ly* — vl < C\/h2 2 + 2y for all 0 < h < ho. (3.29)



Proof. The proof runs along the lines of the proof of Theorem 3.2 with the exception that
the difference of the barrier terms

/ (yl — AW — X
Q

has to be replaced by

o (e,

=/Q(y — Yyt =y + <ﬂ (yﬁ—y“+y"—y")>
Q

Y
u I
:/yﬁdk"ﬂt\ﬁl+/(y”—yh)dk“+u\91— <—,“y"> +<—u,(y“—yh>>
Q Q Yn, Q Y, Q
— —_———
<0 >

§2MIQ|+/Q(?/ )d/\“+<ﬁ (y“—yh)>Q

ﬁ/‘f L1(Q)> Hyu B thL“ '

With the same argumentation as in Lemma 3.1 we show that ‘

< 20/ + (WHM(Q) +\ :

) < C independently
1
of p. Proceeding as in the proof of Theorem 3.2 yields the stated result. |

2
I
Yn

Hence, using this type of quadrature rules introduces an additional error, which is of the
order of the remaining length of the central path.
Again, if Bu* is uniformly bounded in W1#(Q) for some 1 < s < %. Then, as before

Corollary 3.6.

u" —uhlly + |y — yhll g < C\/h?’_%\ log h| +2p for all 0 < h < hy. (3.30)

Using the trapezoidal rule as a quadrature rule and a fixed grid we may interpret the resulting
numerical scheme as an interior point method for solving the discrete optimization problem
obtained by discretization in the spirit of [8].

4 Parameter adjustment

The analysis in the preceding two sections allows us to optimally select p for given h, or vice
versa. In fact, its was shown that there exists a constant C' independent of y such that

d
=l < flu— o + o = o < € (ViE+ hl—z) . (4.31)
If we have that Bu/ is uniformly bounded in W5(Q2) for some 1 < s < 2% we would obtain
u =l < Jlu =l + o = uf o < € (Vii+ 35/ 1ogh\) (4.32)

For given p > 0 the mesh size h on the right hand side can be adjusted on the basis of (4.31)
as
h(p) ~ pa=. (4.33)



The optimal error bound in (4.31) then is
lu—ul|y < ChIS (4.34)

if p is chosen proportional to h*3". Tf we have the regularity of Corollary 3.3 the optimal
adjustment is given by

veooitd=2,

h(p) ~ '
u o if d = 3.

This provides a qualitative guideline when to stop the interior point method for a fixed
discretization, or how to refine the discretization for a given pu.

5 Numerical examples

Finally we illustrate our theoretical findings by a numerical example. We choose Q = [0; 1] x
[0;1, A=—-A+1, B=1d,5=0.5,yo =221 -2, a = 1073. The discretization of y and
p is performed by a linear finite element method, based on the DUNE library [1]. For the
evaluation of the barrier integrals we use the trapezoidal rule, as analyzed in Section 3.2. For
the numerical solution we use an interior point Newton path-following method in the variables
y and p similar to the one analyzed in [21]. The resulting linear systems of equations are solved
by the direct sparse solver PARDISO [19].

We compute y,’f and pZ and estimate their overall errors w.r.t. y., p. by comparing them with
a discrete solution that is computed on a very fine grid for a very small . The choices of h
were h = 27F with k = 2...8. The plots in Figure 1 show Hyﬁ — y*HHl +Va Hu‘}f — u*H

As one can see in the left plot, the error introduced by the regularization dominates, until
a break even point is reached. Even on the finest level of discretization, this is for relatively
large ;1 ~ 10~ — 107°. In this range would be the most efficient point to stop the algorithm.
It is interesting to note that for this particular problem the convergence of the path is slightly
faster than O(,/i). Hence, an a-posteriori estimate for the remaining length of the central
path as described, for example, in [20, Section 8.2] may be appropriate. In the right plot
we observe that the discretization error for a small p behaves like O(h) as predicted by our
theory.

10° @

overall error

12

3
s
0 = = = > > PR

n h

Figure 1: Left: Overall errors plotted against p for h = 27% k = 2...8. Right: Discretization
errors plotted against h for small u.
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