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A-POSTERIORI ERROR ESTIMATES FOR OPTIMAL CONTROL
PROBLEMS WITH STATE AND CONTROL CONSTRAINTS

ARND ROSCH', DANIEL WACHSMUTH?Z,

Abstract. We discuss the full discretization of an elliptic optimal control problem with pointwise
control and state constraints. We provide the first reliable a-posteriori error estimator that contains
only computable quantities for this class of problems. Moreover, we show, that the error estimator
converges to zero if one has convergence of the discrete solutions to the solution of the original
problem. The theory is illustrated by numerical tests.

1. Introduction. In this paper we consider the optimal control problem of min-
imizing the cost functional J given by

1 o
J(y,u) = §||y — Yall72(q) + 5”“”%2(9) (L.1)
subject to
—Ay+y=wu in Q
y=0 onT, (1.2)
and
Ug <u<up, a.e. in§, (1.3)
Ya <y < yp in € (1.4)

Let us define the set of admissible controls by
Usa = {u € L*(Q) : ug <u < uy ace. in Q}.

In order to guarantee existence and regularity of solutions, we assume for the whole
paper:

ASSUMPTION 1. Q C R", n € {2,3}, is a convex polygonal domain; u, < up are
constants; Yo, yp € C(Q), ya € L3(Q), a > 0.

Note that our problem and also the discretized counterparts are strictly convex.
Therefore, one has only to show the existence of a feasible point to get existence
and uniqueness of an optimal control @ and state . Under a Slater type assumption
we will state such a result in Theorem 2.3. Using the same assumption, one obtains
existence and uniqueness of solutions (g, up) for sufficiently fine discretizations.

The distance of the solution (gn,un) to (§,%) can be estimated a-priori as ||ay —
tllr20) + [|Gn — Yl < Ch?"27°, & > 0, see e.g. [8, 17]. In order to generate
adaptively refined meshes, computable and localized a-posteriori error estimators are
inevitable. For work on dual-weighted residual error indicators for state constrained
problems we refer to [2, 10, 21]. The main drawback of this method is that the resulting
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error estimators are not computable since they depend on the unknown solution of
the continuous problem. The only work in context of residual error estimates is due to
[14]. However, this error estimator contains also an uncomputable part that involves
the Lagrange multipliers of the continuous problem. All cited papers contain different
heuristics to replace uncomputable quantities by computable ones. Our main goal is
to derive computable error bounds.

The main difficulty to obtain a computable error bound is that the errors in the
dual quantities |pn — pl| and ||f;n — fis]| cannot be majorized by |un — @l|r2(q).
Hence, we completely avoid the use of the Lagrange multipliers and of the first-order
necessary optimality system of Theorem 2.3. In our main result Theorem 3.9 we
describe detailed all the different error contributions.

Moreover, we prove that the error estimate converges to zero if the discrete quantities
converge in a certain sense, see Section 4. Such a result does not seem to be available
even for pure control constrained problems, see the comments at the end of that
section.

Let us shortly describe the structure of our paper. Section 2 contains basic properties
of the optimal control problems and its discrete counterparts. A-posteriori error
estimates are derived in Section 3. The behavior of the error bound when the discrete
solutions converge is studied in Section 4. Numerical experiments are presented in
Section 5.

2. Optimality system and discretization.

2.1. The undiscretized problem. First, let us define the notion of weak so-
lutions of the state equation (1.2). A function y € H}(2) is called weak solution of
(1.2) if it satisfies the the weak formulation

(l(y, ’U) = (U7U)L2(Q) Yo € HOI(Q)v (21)
where the bilinear form a is defined as

a(y,v) = (Vy, Vv)p2)n + (4, v) 2 ()

Let us define the operators A : V := H?*(Q) N H}(Q) — L?(Q) by A = —A + I and
its dual A* : L?(Q) — V* by

(Aw,v) = (w, A*v) Yw e V,ve L*(9).

LEMMA 2.1. For each control u € L*(Q) the state equation (1.2) admits a unique
weak solution y € H?(Q), and the mapping u — y(u) is continuous from L*(Q) to
H?(Q), ie. [|yllaz@) < Collullrzq)-

For the proof we refer to Grisvard [9].

Throughout the article we will assume the existence of a Slater point:

ASSUMPTION 2. There exists i € Ugq and 7 € R, 7 > 0, such that the associated
state 1§ satisfies Yo +7 < g < yp — T.

Please note, that this assumption implies that the state constraints cannot be active
on I'; ie. it holds y, < —7 and 7 < yp on I' since § = 0 on I' due to the Dirichlet
boundary conditions.



Additionally, Assumption 2 implies that the feasible set of the control problem is
non-empty. Due to convexity, we get immediately the existence and uniqueness of
solutions.

LEMMA 2.2. Under Assumption 2, the optimal control problem (1.1)—(1.4) admits a
unique solution (g,a).

The solution of the optimal control problem can be characterized by means of first-
order necessary optimality conditions. Due to Assumption 2, one can prove existence
of Lagrange multipliers, see e.g. [5, 20]. In the following, let us denote by M () =

C(Q)* the space of regular Borel measures.

THEOREM 2.3. Let (y,a) be a solution of the problem (1.1)~(1.3). Then there are
fla, fiy € M(Q) and p € WH3(Q), s < —=, such that the following system is satisfied,
which consists of adjoint equation

—Ap =4 —yqg — [la + [ i Q,

2.2
p=0 on I' = 0Q, (22)

complementarity conditions for i, and [
i >0, (i, y—vi) =0 i€ {a,b}, (2.3)
and the variational inequality
(au+p, u—u) >0 Yu€ Us. (2.4)

For the proof we refer to Casas [5].

2.2. Discretization. Let us fix the assumptions on the discretization of problem
(1.1)-(1.4) by finite elements. First let us specify the notation of regular meshes. Each
mesh 7 consists of closed cells T (for example triangles, tetrahedra, etc.) such that
0= Urer T holds. We assume that the mesh is regular in the following sense: for
different cells 73,7 € 7, @ # j, the intersection T; N T} is either empty or a node, an
edge, or a face of both cells, i.e. hanging nodes are not allowed. Let us denote the
size of each cell by hy = diam T and define h(7) = maxper hp. For each T € T, we
define Ry to be the diameter of the largest ball contained in T'.

We will work with a family of regular meshes F = {7} }x~0, where the meshes are
indexed by their mesh size, i.e. h(7},) = h. We assume in addition that there exists a
positive constant R such that

hr g

Rr —
holds for all cells T € 75, and all h > 0. With each mesh 7; € F, we associate
the finite-dimensional space Vj, C Hg () that consists of polynomial finite element
functions of degree [ > 1.

Furthermore, let us denote by U, C L?(Q2) the corresponding control discretization.
Here, we have the following three possibilities in mind: discretization of controls by
piecewise constant or linear finite element functions, or the choice Uy, = L?(), which
corresponds to the so-called variational discretization introduced by Hinze [12].

Let us now introduce the discretized version of the optimal control problem (1.1)-
(1.4). This problem is given as: Find y;, € V}, and uy, € U, that minimize

. 1 «
min J(yn, upn) = §||yh — yall72(q) + §||Uh||2L2(Q) (2.5)
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subject to the discretized state equation

a(yn,vn) = (Un, Uh)LQ(Q) Yop, € Vi, (2.6)

the control constraints

and the discrete state constraints
Ya(wi) < yn(zi) < yp(xi) fori=1,., K. (2.8)

Here, we denoted by x;, 7 = 1... K, the nodes of the mesh 7. Before proving existence
of solutions of this problem, we first state some auxiliary results

LEMMA 2.4. Let y" and y;, be the solution of (2.1) and (2.6) for the control uy. Let
Cy > 1 be given such that gwg_( hr < Cy %nl%l hr is satisfied. Then the following
€7y €7y

L -error estimate holds

lyn — ¥ o) < chllul|p2q).-
For a proof, we refer to Braess [3].

Let us denote by II; the L%(£2)-projection onto Uy for piecewise constant functions.
For piecewise linear functions one can use a quasi-interpolation, see [18]. In the case
of the variational discretization we take II, = I. In all three cases, this operator has
the following known approximation property.

LEMMA 2.5. There is a constant c; independent of h such that
[lu — HhuHLz(Q) < C]hHV’uHLz(Q)

is fulfilled for all u € H(Q).

Regarding existence of solutions of the discrete optimal control problem, we have the
following result.

LEMMA 2.6. Let Cpy > 1 be given and max hp < Cpy min hp. Then, there exists a
TeT), TeT),

mesh size hg > 0 such that for all h < hg a feasible point of the discretized problem
exists.

Proof. We set iy, = Il 1, where 4 is the Slater point from Assumption 2. The function
uy, satisfies the control constraints. It remains to check the state constraints. Let us
denote the solutions of the discrete and continuous state equation associated to @y by
gn and ", respectively. We find

Gn(wi) = ya(:) > 7 = |§(z) — 9" (@:)| = 19" (2:) — G (i)
> = 9= 9"z — 19" = nllL=(@)

Here, ||§ — :l]h||Loo(Q) becomes small for small h because of Lemmas 2.5 and 2.1. The
term [|§" — gn|| = (q) reflects the pointwise discretization error, which tends to zero
for h — 0 due to Lemma 2.4. Consequently, for sufficiently small h the discrete lower
state constraints are fulfilled. Analogously, one shows that the upper state constraint
of the discrete problem is satisfied for h small enough. Hence, the point (gn,ay) is
admissible for the discrete problem. O



As for the continuous problem, we get existence and uniqueness of solutions of the
discrete problem.

LEMMA 2.7. Let Assumption 2 be satisfied and max hp < Cps min hp. Let the mesh-
TeTn TeT),

size satisfy h < hg. Then the optimal control problem (2.5)—(2.8) admits a uniquely
determined solution (gn, @) for all meshes with mesh-size h < hy.

Proof. Due to Lemma 2.6 the feasible set of the discrete problem is non-empty for
h < hg. By standard arguments one concludes the existence of a unique solution of
this problem. O

Let us remark that the existence of a feasible point for the discrete problem is not
guaranteed for arbitrary meshes with h < hg. This is due to the fact that a-priori
L*°-error estimates are derived using inverse inequalities. Then the relation between
minimal and maximal element size must be limited by some constant C;. Another
possibility are meshes for which a discrete maximum principle holds, see [7]. Usually,
sequences of adaptive refined grids do not satisfy these requirements. However, the
existence of a feasible point can be verified a-posteriori. If no feasible point exists, then
one can refine the mesh in a suitable way to get a feasible point for the new mesh.
We will use the following strategy. Our a-posteriori error estimator will contain a
term that measures the L>(Q)-norm of the violation of the state constraint, and
thus should ensure the solvability of the discrete systems for the adaptively generated
meshes.

ASSUMPTION 3. In the sequel, we assume that the discrete optimal control problem
admits a unique solution.

Analogous to the continuous problem, one finds that the solution of the discrete
problem can be characterized by a first-order optimality system.

THEOREM 2.8. Let (§n,up) be a solution of the problem (2.5)—(2.8). Then there are
fa, iy € M(Q) and pp, € Vi, such that the following system is satisfied, which consists
of discrete adjoint equation

a(vn,Pn) = (Yn = Yd, Vn)r2() + (—Ha,h + oy Vn) YR € Vi, (2.9)

complementarity condition

K
/ji,h = Zﬂz)hé(xj)7 ﬂz)h > 07 ﬂih(yh(mj) - yl(x)) = 07 1€ {avb}7.j € {17 ~'aK}a
j=1
(2.10)
and variational inequality

(atip, + pn, up —ap) >0 Yup € Uy N Ugq.

Since the state constraints for the discrete problem were prescribed in the mesh nodes,
the Lagrange multipliers fiq ;, and iy, are positive linear combinations of Dirac mea-
sures concentrated in the mesh nodes. Due to this representation, the complementar-
ity condition in (2.10) can be written as

(Bi,hs Un —yi) =0 i € {a,b}.
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3. A-posteriori error estimates. In this section, we will derive an upper
bound for the error ||@, — @[/z2(q). In order to avoid the difficulties mentioned in
the introduction, we will not work with the first-order optimality system given by
Theorem 2.3. We will work with the optimality of @ instead, i.e. J(g,a) < J(y,u) for
all (y,u) satisfying the constraints (1.2)—(1.4).

Let us suppose that we have computed the solution (g, @h, Ph, fa.h, io,n) of the dis-
crete problem. At first, we have to find a pair (g, @) ~ (g, @n) that is feasible for the
continuous problem, which would give J(g,a) < J(g,4).

3.1. Construction of feasible control. Let us first define an auxiliary state
y" as the weak solution of the state equation with right-hand side @y, i.e.

a(y™,v) = (an,v) Yo e HY(Q). (3.1)

LEMMA 3.1. Let @ denote the Slater point as given by Assumption 2. Let y" denote
the solution of (3.1). Let us define the violation of the state constraints by

ese 7= Max([|(Jn — ya) " oe@)s [1(yp = Tn) " [l () (3-2)

Then the state j := (1 — o)y" + o7 associated to the control @ := (1 — o)ty + ot is
admissible for the state constraints (1.4) if o is chosen as

_ 9n 7yh||L°°(Q) + €sc
T+ ||gh - yh||L°°(Q) + ese

Proof. We find
(1 —0)y" +0§> 1 —0)(Gn—1Gn — v | Lo) + (Y +7)
> Yo+ 7+ (1= 0)(Gn — 90 = ¥"lLe@) = Y —T)
> Yo + 7+ (1= 0) (=@ = Ya) "Nz = 190 = 4" [lLoe@) = 7)
> Yo+ 7= (L=0)(7+[[7n — yh”L"O(Q) + €sc),

which implies (1 — o)y + 0§ > yq for 1 — o <

— T . An analogous
THNGn—y" || L oo () +esc
discussion for the upper state constraint yields the claim. O

With the notation of the previous lemma, we have
u— Up, Z(T(ﬁ—ﬂh), (3.3)

which allows to estimate the difference ||% — || 2(q) provided upper bounds for o
are available. The difference in the states § — 75, can be written as

J—h=0-y"+y" —gh=0@—y")+y"

o= ) + (1= o) (5" — ). (34

REMARK 3.2. Please note, that we did not use feasibility of yp for the discrete
optimization problem. Hence, Lemma 8.1 is valid without this assumption, which
means it is also applicable if the discrete optimization problem is solved for instance
by penalty methods.



REMARK 3.3. If the discrete space Vi, is the space of piecewise linear polynomial
functions, then we can replace the constraint violation ese by the interpolation error
of the state constraint bounds. Let Ij, denote the Lagrange (or nodal) interpolation
operator. Then the discrete state constraints (2.8) imply Iny, < yn < Inyp on 0. And
we can estimate in the previous proof

1=y +09 >0 —=0)Gn—n — v L) + (Yo +7)
>yo+7+ 1= 0)Inye — |0 — ¥l L= — Ya — 7),

which shows that we can replace es. by

€sc = max(||(Inya — Ya)~ L), 1(Wo = Inyn) ™ | Lo(a))-

If the functions yq,ys can be exactly represented by piecewise linear functions then
ésc = 0. This is in particular the case if both state constraints are constant functions.

3.2. Estimate of error in the control variational inequality. As one in-
gredient of the final error estimator we will develop an error estimator for the error
in the variational inequality (2.4). We will comment on the relation to existing work
at the end of Section 4.

At first, let us define the following subsets of {2

Qop = {x €eN: ﬁh(x),féﬁh(z) € (Ug,up)
or Up(x) = ug, atip(z) + pp(z) <0 (3.5)
or up(x) = up, atp(z) + pr(x) > 0}

and

Qg b = {CE s Up(z) € (g, up), —%ﬁh(x) < ua}
(3.6)

Qpp = {x s up(x) € (Uq, Up), —éﬁh(x) > ub}.

The set {2, contains the points, where %, and —é]ﬁh are strict between the bounds,
and where 4y, is at the bound but awy + pp, has the wrong sign. The sets 2, 5 and
Q4 1, contain points, where uy, is strictly between the bounds, but —é;ﬁh is not feasible
with respect to these bounds. In addition, we have the following properties

adp + pr > a(tp —uq) > 0 on Qg p, (3.7)
aup + pp < Oz(ﬂh — ub) < 0 on Qb,h- '

LEMMA 3.4. Let uy, € Uuq and py, € L*(Q) be given. Let the sets Qo p, Qan, and
., be defined according to (3.5) and (3.6). Then for each u € Uyq it holds

(atip 4 Pryw — Un) > (X, (i + Pr),u — )
+ (XQu.n (Qlin 4 Pr), ua — Un) + (X, (U + DPh), up — Un)



Proof. The proof follows directly from the definition of the sets, and the properties of
up, and «ady, + pp, on these sets, confer also (3.7). O

In the derivation of the a-posteriori error estimate in Section 3.4, we will use the
following implication of the previous lemma.

LEMMA 3.5. Let @, € Uaq and py, € L*(Q) be given. Let the sets Qo p, Qan, and
Oy p, be defined according to (3.5) and (3.6). Then for each u € Ugq it holds
_ _ _ a _
(cvtin, + ppyu —up) > *ZHU —nl 20y — il 220y,

where nyi = Nvi(Un, pr) € L*(Q) is given by

1
ng = ~ X, (@ +91)? X, (i + D) (@n —ta) + X0, (n +Pr) (Un —up). (3.8)

Proof. The claim follows directly from the definition of 7; and the inequality

_ _ _ «a — 2 1, _ 2
(X620, (@i + Pr)w —tn) 2 = llu = anllLe(q) — —llatin + Prllze(, ,)-
a
The function 7),; will serve as a localizable error estimator for the error in the varia-

tional inequality.

3.3. Estimate of cost functional values with respect to the admissible
point. Due to the feasibility of (7, 4) the inequality 0 < J(g, @) — J(g, @) holds. Now,
we will derive an upper bound for J(7, @) — J(y,u) for arbitrary feasible pairs (y, u)
in terms of the distance ||u — @||z2(q) and of residuals of the optimality system.

LEMMA 3.6. Let (§,@) be given by Lemma 3.1. Then it holds for all (y,u) satisfying
(1.2)(1.4)
-~ « . .
J(g,0) — J(y,u) < —Z”U - u||2L2(Q) + Nallu — U||L2(Q) + M,
where 1, My are real numbers depending on (Gn, Gn, Ph, fa.h, Bk )s (, ), and the data
of the problem but not on (y,u), see below (3.13).
Proof. Let us introduce the abbreviation r := [|u — @l 12 (q).

Since y and y are solutions to the elliptic equations for right-hand sides 4 and u
respectively, we have by Lemma 2.1 the regularity ¢,y € H?(Q) N H} (). Since we
have py, € Vi, C L?(Q) the dual product (A§ — Ay, pp) is well-defined.

Let us write the differences of the cost functional as
S 1, . o 1 «
J(g,u) — J(y,u) = §||y — yallZz) + §||U||2L2(Q) - 5”9 —yallZ20) — 5”“”%2(9)
+ (Ay — u — Ay + u, pp)
1, . . -
=—5l9- Yll7z) — PL ullZ2q) + (@ + Pr, @ — u)

+ (A Ph+Gn —Ya, T —y) + (T — Un, 7 —Y)
Q
2
+{—A"pn +Yn — Ya,J — y)-

1. L
r2+§||y—yh||2Lz(Q)+(au+ph,u—u)



Now we will estimate the third and fourth addend on the right-hand side. By
Lemma 3.5 there exists 7y; € L?(€2) such that

«
(0 + iy =) > Gl = @3y — IallFagey Vo € L(0) 5wy < u < .
‘We then obtain

(ot + pp, U — u) = ot — Up, & — u) + (@lp + Pp, @ — Up) + (Qlp + Pr, Up — u)
~ _ o o _ 2 2
< &l — p, @ — u) + (atn + Pr, @ = Un) + 7 llu = nllz2i@) + mvillz2()

[e%

o (3.10)
4

3 . oL
< —r’+ §a||u —pllL2) T+ ZHU —tn 720
+ (ot + pr, U — up) + ||77vi||2L2(Q)-

Due to the complementarity condition (2.10) on fie, and the feasibility y, < y it
holds

(Hahy § = y) = (fahs § = Jn +Yn = Ya + Ya — Y)
= <ﬁa,ha g - gh) + <p/a,ha Ya — y>
<Afia,n, §— Un)-
For analogous reasons we find
—{fiv,n, T —Y) < —(fb,hs G — Tn)-
Thus, the fourth addend in the estimate above can be estimated as
(=A"Ph +Un — Ya, ¥ — v)
= (=A"Pn + Un — Ya — Ba,p + Bbohs § = Y) + (Barhs T = Y) — (fbhs §— V)
<A(=A"Pn +Yn — Yd — fah + Bops T — Y) + (Bap — Hohs § — Un) (3.11)
< Coll=A"ph + Un — Ya — fla,h + fivnll-2(0) - 7 + (Ba,n — fibh, T — Yn),

where we applied the H?(Q)-regularity result Lemma 2.1 in the last step.

Combining (3.9)—(3.11), we can estimate the difference of the values of the cost func-
tional as

J(§,8) = J(g,u) < =1

3 . _ . _ _ _
(30l = onllay + Coll=A°n + 51— w4 = o+ ol )

1,. (e _ o
+5l9- Inll7ec) + VL nl| T2 + (atn + Py @ — @) + il 720
+ <,aa,h - ,ub,hv g - gh>7 (312)

which yields the claim with

3 .. . _ _ _
Na §a||u —Upllz2(Q) + Col|=A"Pr + Un — Ya — fa,h + Bo.nll H-2(0)

1. o . 3.13
mi= 515 - Galiecq) + 18— @nlFag + (@ + 5, = @n) + [mallfagy 1)

+ (fta,hn — fb,hy T — Yh)-



|

REMARK 3.7. If one uses interior point methods to solve the discretized problem,
then the discrete complementarity condition (2.10), in particular (fi; n, gn — yi) = 0,
i € {a,b}, is not satisfied in general. It turns out that the estimate of the previous
lemma holds true if n, is replaced by 1, given by

Tla := Na + {Ba,hs o — Ya) — (fb,h> Un — Yb)s
which takes the violation of the discrete complementarity condition into account.
3.4. Upper bound for the error in the control and state. Using the so-

lution of the continuous problem as test functions in Lemma 3.6, we get directly an
estimate of the error in the controls.

LEMMA 3.8. With the notations of the previous Lemma 3.6, it holds

_ _ - 8 8
|an — allF2(qy < 2@ — a7z + Eﬁi +

Proof. By Lemma 3.6, optimality of (g, @), and feasibility of (g, @), we obtain
o~ o - _ -
0 < J(Gu) = J(y,u) < =@ = alliz i) +nalld = all 2oy + s,

which gives directly

L 4 4
1@ — |72 < Eﬁg o
The claim follows with |[@n, — @l|72q) < 2(|@ — @n]|72(q) + @ — @l[72q))- O

Here, the quantity 12 can be bounded from above, cf. (3.13), by
9 - . _ _ _
< 5042”“ — nl|72eq) + 2G5 |1 =APh + Gh — Ya — Fap + Bonllf-2 ) (3:14)

Now we have everything at hand to derive the upper bound for the discretization error
of control and state. Let us emphasize that all quantities on the right-hand side of
the error estimate (3.15) are computable. In particular, the right-hand side does not
contain any component of the solution (g, @, p, fiq, fiy) of the continuous optimality
system.

THEOREM 3.9. Let (§,u) be the solution of the continuous optimal control problem
(1.1)-(1.4). Let (Gn,@h, Ph, Fahs Bb,n) be the solution of the discrete problem satisfying
(2.7)-(2.8), (2.10).

Then there is a constant ¢ > 0 that depends only on o, ), A, T such that

= =112 S =2 (1) (2) 2
||Uh - u||L2(Q) + ||yh - y||L°°(Q) < C<Tstate,L°° + Tstate,LOO + Tstate, L2

2 2
+ Tadjoint, L2 + T control, L2 + estate) (315)

where V)

state, Lo is the scaled L°°-error of the states given by

1)

Tstate, [0 — (maX ((atin + pry @i — Un) + (fa,n — fbshs § — n), 0)

+ | fta,n — ﬂb,hHM(Q)) ly" = Fnll L= (0

10



(2)

Tstate,Loo U5 the squared and scaled L -error of the states given by

(2) —

riones = (Il = @nll3z@) + 19 = Gl ) 19" = Gal3~ oy,

Tstate, L2 15 the L2%-error of the states given by
— |l,P =
Tstate,L2 = ||y - yh||L2(Q)a
Tadjoint,12 15 the H—2(Q)-residual in the adjoint equation
Tadjoint,L? = ||=A"Ph + Un — Ya — Ha,n + fon |l g-2(0Q)
Tcontrol, L2 45 the L?(Q)-residual in the variational inequality defined by
Teontrol, L2 = ||MvillL2(), where nyi = nyi(Un, Pr) is given by Lemma 3.5,

and estate 1S the weighted violation of the state constraints given by

Estate — INaX ((Oﬂ_lfh +ﬁha U — ’ah) + </_14a,h - ,L_Lb,hv ZJ - gh>7 0)esc
+ (Il = @li32(@) + 119 = Tl ) o2

where egc is defined in Lemma 3.1, eq. (3.2).

Proof. Let us first combine the results of Lemma 3.6 with the estimate of 52 in (3.14)
and the definition of 7, in Lemma 3.8, eq. (3.13), to obtain

1@ — @720y < 40[|@ — @nll72q)
1602

+a2

= A*Ph + Gn = Ya — Fa,h + Fo,nll -2 (0
8,1, . _ _ o
T (§||y — Unll2q) + (@ln + P, @ — Gn) + [|nvil 220
+ (fa,n — Bony §— ﬂh>).
At first, we have by Lemma 3.1, cf. (3.3),
(atip, + pr, @ — Up) = (atp + P, U — Up)o
and
1@ — anl|72 () = o2ll@ — anll72(q)-
With the help of (3.4) we get
(la,n = iosh, § = Gn) = 0lan — fivns § = Gn) + (1= 0){fta,n = fion, ¥ — Un)
< 0o = vny 9= Gn) + [ an = Avnllarey1y" = nll (o)
Similarly, we can estimate using o > 0
15 = Gnll720) = llo(@ = Fn) + (1 = )" — Gn)|72(0)

<2 (0?15~ Tnl3aqe + 1" — Tliacey) -
11



Hence there is a constant ¢ > 0 depending only on «, 2, A such that

i — 20y < {1 = nl2ay0?

+ | = AP+ G — ya — fan + o pll T2y (3.16)
+ 19— :Uh||2L2(Q)<72 + (atip + Ph, U — Up)o + HUH%Q(Q)

+ (Fa,n — Bbhy § — §h>0>-
The value of ¢ can be bounded according to Lemma 3.1 by

o <7 ([y" = FnllL= () + esc),

where eg. is the state constraint violation defined in (3.2). Using this estimate in
(3.16), the claim follows. O

In Section 4, we will prove convergence to zero of the upper bound (3.15) if the discrete
quantities converge in some sense to solutions of the optimality system in Theorem
2.3.

3.5. Localized a-posteriori error estimates. In the previous sections, we
developed error bounds for the discretization error. These bounds contain terms that
are still not fully accessible. In particular, it needs to be specified, how the L?- and
L*-discretization errors of the states as well as the residual of the adjoint equation
can be calculated.

For the L2-error of the states, we have the following result, which is a standard
estimate, see e.g. [4]. Recall that g, is the solution of the discretized equation (2.6)
with right-hand side 1, while 4" is the solution of the elliptic equation (3.1) with the
same right-hand side .

LEMMA 3.10. There is a constant ¢ > 0 depending on €2, the polynomial degree I,
and the shape regularity of the triangulation such that

ly" — Unllr2) < Cngtate,L2

&l
on L2(8T\I) .

Here, [%%} denotes the jump of the normal derivative across interior edges.

. 2 _ 2
with T)state,L2 - ZTGT nT,state,Lz and

77’%7state7L2 = <h%"||Ayh + ah”%%T) + h%

To estimate the L°°-error we use the following reliable and efficient error estimator
from [19].

LEMMA 3.11. There is a constant ¢ > 0 depending on €2, the polynomial degree I,
and the shape regularity of the triangulation such that

”yh - gh”L“(Q) < CTllstate, >

with Nstate,Loe = MAXT T 1T, state, L>° and

o]

NT,state,L>> = | log hmzn|2 h%”Agh + ﬂh”L”(T) + hT .
Lo (dT\T)

12



It remains to describe the estimation of the H ~2-residual of the adjoint equation. For
a test function ¢ € V = H}(Q)NH?(2) we will employ the Lagrange interpolation I, ¢,
which has the property ¢(x;) = (In¢)(x;) for all nodes z;. Due to the assumptions
on V,, we get I,¢ € V3. Let Py, solve the discrete adjoint equation (2.9). We have

| =A*Pr + Yn — Yd — fa,n + fonll H-2(0)

= sup (=A"Pr + Un — Yd — Ha,h + Hbhs @)
PeV, H¢HH2(Q):1

= sup (—A"Pn + Gn — Ya — Ba,h + Bo,hy @ — Ing).
PEV, H¢HH2(Q):1

Since fiq,, and iy, are a linear combination of Dirac measures concentrated in the
mesh nodes, it holds

(=Ha,n + fib,ns @ — Ind) =0,
which implies

| =A*Pr + Jn — Ya — Pa,p + fonllH-20) = sup (—A"pn + Un — ya, ¢ — In9).
PEV, |9l g2 (o) =1

Following [1] we obtain

LEMMA 3.12. There is a constant ¢ > 0 depending on §2, the polynomial degree I,
and the shape regularity of the triangulation such that

= APh + Un — Ya — Hah + Fonll H-2(2) < CNoagjoint. 12

&)
on L2(9T\I) .

Although this result of [1] is formulated only for n = 2, I = 1, and a single Dirac
measure, the proofs carry over one-to-one to the case considered here: n € {2,3},
general FE-space V}, with [ > 1, right-hand side consists of linear combination of
Dirac measures concentrated in the nodes.

2 _ 2
with Nadjoint, L2 = doreT T adjoint, L2 and

77’%’,acljoim€,l/2 = <h%’”Aﬁh +Yn — yd”%ﬁ(T) + h’:}

In these Lemmata, we cited only the reliability estimates (i.e. upper error bounds).
For all three estimators also lower error bounds (efficiency estimates) are available.

The localization of the estimator of the error in the variational inequality is an obvious
choice. Let us define

2 o .
N7, control, 12 *= Tlvi |T7

where 7y; = n(ap, pp) is the function constructed in Lemma 3.5.

Combining the estimates of this section with the result of Theorem 3.9, we get our
main result, which is the localized a-posteriori error estimate.

THEOREM 3.13. Let (g, ) be the solution of the continuous optimal control problem
(1.1)—(1.4). Let (Gn,Un, Dh, foa,hs Bb,p) Satisfy (2.7)-(2.8), (2.10).
13



Then there is a constant ¢ > 0 depending on «, 2, T, and the shape reqularity of the
triangulation, and a weight ws p, > 0 such that

||7-_Lh - 71”%2((2) + ||27h - g”QLOO(Q) S & (n%ﬁ + Woo,h Nstate, L + estate)
with 72 =Y per 77:2F,L2 and

2 .2 2 2
Nr,2 = N7 state, L2 + NT,control, L2 + NT,adjoint,L2"

The weight woo,n, depends on the discrete quantities (G, Up, Phs fa.h, Bo,n)- The map-
ping from (Y, Un, Ph, fa,hy foh) 0 Weo,n 8 bounded from C(Q) x L2(2) x L*(Q) x
M(Q) x M () to R.

Proof. The result follows directly from Theorem 3.9 and Lemmata 3.10, 3.11, and
3.12. The quantity we,n is given by

Woo,n = max ((atty + Pr, & — Un) + (fia,h — fbhs § = Yn)s 0) + | ian — Fo.nllarce)
+ (Il = @nl3aey + 19— Tull32) ) 19" = Gl
cf. the definition of rétlzz,te,lﬁo and Téiite,po in Theorem 3.9. The mapping @, — y" is

bounded from L?(€) to L>°(£2) by Lemma 2.1, which proves the claimed boundedness
of Woo, h- O

3.6. Marking strategy. It remains to describe, how to mark elements for re-
finement. Here, we follow the common strategy to mark elements that have rela-
tively large local error indicators. In our case, see Theorem 3.13, the error indicator
contains two terms with different accumulation properties: n7. = >rer 77%7 2 and

Nstate,L>> = HlaXTE'T(nT,state,LOo + eT,state)-

As marking strategy we employ the one used in [19]. Let us define

2. .2
T2 =12
Tloo += Woo,h Mstate, > + Estate

7 = max(n2, Meo)-

We choose an error indicator 7; if it is relatively large compared to the total error,
that is if n; > 017, i € {2,00}. For a chosen error indicator 7;, we mark elements by
the maximum strategy, that is, elements T with N ; > 0y maxrer;, Nr,; are marked
for refinement. Here, the parameters 61, 65 are taken from (0,1). In our computations
we used 6, = 0.2, 5 = 0.8.

4. Convergence of error bound. In this section we will prove the convergence
to zero of the error bound of Theorem 3.9 if the solution of the discrete system
converges in the following sense.

ASSUMPTION 4. Let a sequence of meshes T with associated solutions of the dis-
crete problem {(Un,, Uhy,s Dhy» Ba,hy» Bb,hy )} D€ given. Let us assume that we have the
following properties of this sequence:

(i) The sequence (Yn, ,Un,) converges strongly to (,u) in C(Q) x L?(12).
(ii) The sequence (Dhy, fa,hy» by ) 45 bounded in WH4(Q) x M(Q) x M(Q) with
2n n
5+n <q<;5-
14



2n

(iii) For each subsequence (Pn,,, fla,h,, s fo,h,, ) With pp,, — P in wha(Q), ¢ > e
and (fla,hy, s fo,hy ) =" (fa, fn) i M(Q) x M(2) the limit element (P, fia, fiv)
is a Lagrange multiplier to (g, u), i.e. the system (2.2)—(2.4) is satisfied.

Please note, that the requirements of this assumption are satisfied for a uniform
refinement of the mesh, see e.g. [13, Chapter 3]. However, convergence of the mesh
size h — 0 is not explicitly required.

Let us recall the error representation of Theorem 3.9, which reads

_ _ o 1 2
l|an — UH%%Q) + lgn — y||2L°°(Q) < c(réta)»te,Lx + Tétzite,L“ + Ts2tate,L2

2 2
+ Tadjoint,L? + T control, L2 + estate) .

LEMMA 4.1. Let Assumption 4 be satisfied. Then it holds
(1) (2)

2 2
Tstate, Lo + Tstate, Lo + Tstate, L2 + Tadjoint, L2 + estate — 0
for k — oo.

Proof. Let us define 3"* to be the solution of (3.1) to the control %y, . Then we have

9™ = Gl < Y™ = Gl ) + 1T = Tnell L= @)
< Cllun, — allp2) + 17 = Inl e @)-
Whicil proves that rétla)m’ Loos Tifim 100, and similarly 7gate 2 converge to zero under
the Assumption 4.

Because of y,, — % in C()) and the feasibility of § with respect to the control
constraints, the state constraint violation ey, and consequently egiate tend to zero.

Let weak (weak™) converging subsequences (p,,, fla,h,,  fib,h,,) be given. Then by
compact embeddings and after extracting another subsequence py,, — P in L2(%2)
and (fia,h,, s fib,hy, ) — (fas fip) in H~2(2). Hence rygjoint,2 — 0 for this subsequence.
Since the subsequence (k) was chosen arbitrary, it follows ragjoint,z2 — 0 for & — oc.
a

The discussion of the estimator rcoptrol,z2 is more involved, and thus we state and
prove it separately. For convenience, let us recall its definition. In Theorem 3.9 we
set Teontrol,L2 = ||7villL2(), Where 7y; was given by Lemma 3.5 and defined by

1 _ _ _ N _ N
nh = X (0 + Pn)? + X, (atin + Pn) (tn — va) + X, (i + Pr) (@n — up),
where the sets Q¢ 5, Qq.1, ., were defined as
1
Qo.p = {a: € Q: ap(x), —aﬁh(x) € (Uq, up)
or Up () = ug, tin(z) + pp(z) <0
or up(x) = up, atin () + pr(zr) > 0}

and



LEMMA 4.2. Let Assumption 4 be satisfied. Then it holds

Tcontrol, L2 — 0.

Proof. Since the controls up, are feasible for the discrete problem, they are uniformly
bounded in L*>°(€). Hence, the sequence up, converges to @ in L*(€2) for all 2 <
s < oo. Moreover, as argued above, each weakly converging subsequence pp,, has a
strongly converging subsequence py,,, — p in L?(Q2). By Assumption 4, we have that
the variational inequality (2.4) is satisfied.

In the course of the proof, we will bound ||n9vil[z2(q) in terms of ||pp,,, — pllz2(q) and
lun,,, — ullLsq), s > 2. To simplify the notation, we will drop the index £”.

At first, let us note that

Ha(e)? < —loan(@) + pu(0)P (11)

follows directly from the definition of nyi, Q4 5, and € 5, confer also (3.7).
Now, we will discuss upper bounds of 7y; on different subsets of €.
Case (1): Q1 ={z€Q: au(x)+ p(z) =0}.
Using (4.1) it follows directly
il 7200y < @ Hlaan + pr — (a@ + p)l[72q,)

< a Nallun — @l L2) + 1P — Pll2@)*.
Case (2,): Qa2 ={x € Q: ap(z) = a(r) = us}. Here, we have
||77vi||%2(92,a) =a(aay, +I5h)_||%2(szz,a)
=a ! ||(etn + pr)” — (e +p)~ H;mm
< a”Y(allan —allp20) + 15n — Bllz2()*-
Case (2): Qap ={r € Q: ap(z) =a(x) = up}. Analogous to Case (2,).
Case (8): Q3.0 ={x€Q: u(x) =ug} N Q. Here, we have by definition of 7y;
mi(2)? = (otn + pr)(Un — ua) = (otin + pp)(Un — ).
Hence, it holds ||77vi||2L2(Qg,a) < levtin, + prllL2(o)l|in — ullL2(q)-

Case (8): Qzp={r € Q: u(x) =up} NQ,. Analogous to Case (3,).

Case (4a): Qua={z€Q: (), —2pp(x) € (Ua,up), W) = tUa, —2P(z) < ua}.
The inequality —1p(z) < u, = (z) < —L1p,(z) implies

latin, + pr| < altn — @l + ali — (—a~'pr)| < altn — |+ | = — (—pn)|

which proves with (4.1)

L. _ _
illZzoy,. < <lloa(@) + 6@z, < 1P = Pl .-
16



Case (4p): Qup ={x e Q: ﬂh(iﬂ),—éﬁh(@ € (Ua,up), u(x) = up, —éﬁ(fﬂ) < up}.
Analogous to Case (4q).

Case (5): Q50 ={x € Q: u(z) =us} Ny, Here, we have —éﬁ(x) <y < up <
—1pn(z). By Chebyshev’s inequality, we obtain

D5,0] < {z: a7 pu(a) — p(x)| = |up — ual }|
<[l gop
“Java, Plup — ual?
1
< = A9 —p 2
= (a|ub7ua|)2”ph p||L2(Q)

Together with the definition 7,; on €y 3, we find

Imvill72 (0 ) < 1950l llatin + Pall L2 l@n — usll =0 < cllpn — Pllr20)

Case (5): Qsp={r e Q: a(x) =up} NQy . Analogous to Case (5,).
(z

Case (6): Q¢ = {z € Q: a(z),un(r) € {uq,usp}, u(x) # un(x)}. That is, here the
control constraints are active at « and @ but both are not equal. Similarly as in Case
(5.) we estimate

Q6] < [{z: |a(z) —an(z)| > |up — ual }|
|un(z) — u(z)]®
= /sz\szz [up — uql®

1 _ _
s |ub_ua|5||uh7u )7
which yields due to Qg C Qg ,
il 72 (0g) < IQGI1 2 atin + 7o) < Cllan — @525,

Let us argue that the splitting introduce by the cases above covers 2. Due to first order
optimality conditions, Q can be divided in sets, where ot + p = 0 and @ € {uq, up}.
The first possibility is covered by Case (1). The case that both @ and @y, are at the
bounds is contained in Case (2) and Case (6). Now it remains to cover the set, where
@ € {ug,up} and @p, € (uq,up). The subset, where —éﬁh is not in (ug,up), is discussed
in Case (3) and Case (5). And Case (4) covers the subset, where —<pj, is in (uq,us).

Summing up all the estimates, we find the convergence 7,; — 0 in L?(Q) for the
subsequence (k") chosen above. This implies that for every subsequence of (@, , Pn,,)
we can choose a subsequence such that the corresponding quantity 7y; converges to
zero, which finishes the proof. O

As a consequence of these results we obtain the main result of this section.
THEOREM 4.3. Let Assumption 4 be satisfied. Then the error bound given by Theorem

3.9 converges to zero for k — oo, e.g.

(1) (2) 2 2
(Titate L + T@tate Loe + r@tate L2 + radjoint,LZ + rcontrol,L2 + estate | — 0.

17



Let us now comment on different available error estimators for the error in the varia-
tional inequality connected to the control constraints. To the best of our knowledge,
all estimators in the literature contain in their upper bounds quantities that do not
tend to zero as (up,ppn) converges, which makes it difficult to prove a convergence
result similar to Lemma 4.2.

Let us first compare our findings to the error estimator as considered by Krumbiegel
and Rosch [15]. Their error estimator nkg coincides with 7,; as developed here except
for the definition on the sets Q4 pn, 2 p, i.e.

1
KR = XQo,n Vi T EXQa,hUQb,h (auh +ph)2'

which implies ||T]vi||%2(g) < ||77KR||%2(Q) by (3.7). The error estimator ngg does not
allow a convergence proof comparable to Lemma 4.2. To this end consider the follow-
ing example: let the constant functions u, =0, up =1, a =1, a=0,p=pp =1, and
Uy, = h be given. That means, the values are chosen in such a way that €, 5 = 2 and
correspond to the Case (3,) in the proof of Lemma 4.2. Our error estimator gives
||77vi||2L2(Q) = (otip, + Ph, Up — Uq) = (@h + 1) - h - |Q] — 0 as h — 0. The estimator of
[15] yields ||77KR||%2(Q) =1)ah+ 1||%2(Q)7 which does not converge to zero as h — 0.
Similar situations as in the example will occur if one uses interior point methods to
get rid of the control constraints in the discrete optimization problem.

Second, let us comment on the error estimator analyzed by Hintermiiller, Hoppe,
Iliash, and Kieweg in [11]. There an efficient and reliable error estimator for opti-
mal control problems with a lower control bound is developed. They prove that the
estimator is equivalent (up to higher order terms) to the error

19 — Gnll e @) + 1P — Pl a1 (o) + 18— tnll2) + |0 — onllz2(@),

with o := au + p and oy, := aup + [pyr. However, it is not clear, whether it holds
lo —onllz2() — 0 if (un,pn) converges to (u,p). Indeed, for Case (3,) in the proof
of Lemma 4.2 one has the following. If (up,ps) are solutions of the discrete optimal
control problem it holds aup + Iypr = 0 on this set, since uy is not at the control
bounds. This implies that

lo = onllz2@) = (et +p) — (aun + Tapn)lL2(0s.0) = ot + Dl L2(0s.0)-

However, since @ = u, holds on {23 , by definition, this quantity is in general non-zero.
In order to prove ||o — op||12(q) — 0, one has to prove in addition that the measure
of 3 , tends to zero.

Finally, we comment on the error estimator for control constrained optimal control
problems as considered by Li, Liu, and Yan [16]. The error estimator developed there
converges to zero under the assumption that (g, @n,pn) converges to (g,u,p), an
assumption on the regularity of the active sets, and the assumption h — 0. Clearly
our convergence result Lemma 4.2 holds under weaker assumptions on uy, pr.

5. Numerical experiment. Let us report on numerical results with adaptive
refinement using the error estimator developed in the present article.

The data of the example is taken from [6]. It was originally posed for Q = B;(0). We
modified it to work with = [—1,2]2.

18



The data of the problem is given in polar coordinates. For convenience we define

r = /2% + 3. Let us set
1

a(r) = —%X{Tgl}(logr + 72 —73)

o1 7“2(1 2)+r3+1
YUI) = g Xtrsty { g Uoer 17

1
ya(r) = y(r) + §X{7-g1}(4 —9r)

Yal(r) = ﬁ G—g)

The problem features one lower state constraint, there are no upper state constraint
and no control constraints given.

One can verify that (g, @, P, fi,) is the solution of the problem: Minimize J(y, ) given
by

1 o
J(y,u) = §||y - yd||%2(sz) + 5”””%2(9)
subject to

—Ay=u+f in Q
y=20 onT,

and
Yo <y in €L
Moreover, one can verify that
a(r) = xpr<ip(—124+18r)  §(r) = xgr<1y (1 + 372 — 2r%)
fulfills Assumption 2 with 7 = 0.24999.

Due to the special structure of the problem, the dual quantities are uniquely de-
termined. Please note, that the adjoint state has a pronounced singularity. Since
the data of the problem are smooth, there is no chance to perform an a-priori mesh
refinement to resolve the singularity.

To avoid superconvergence effects, we ensured that the point = (0,0) cannot be
a node of the grid for any refined mesh. This is achieved with a coarse grid mesh
generated as a uniform triangulation with 8 triangles.

Figure 5.1 shows the adaptively refine mesh after 5 refinement steps. It shows local
refinement around the singularity at (0,0), which appears only in the adjoint equa-
tion and thus is not identifiable a-priori. The right-hand plot compares the error
|tn — 1l 12(q) for adaptive and uniform mesh refinement. Clearly, the adaptive mesh
refinement leads to a better approximation of the solution with respect to the number
of unknowns.
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-+ -Uniform |]
-+ -Adaptive ||

Fi1c. 5.1. Adaptively refined mesh; Comparison of ||ap — EHLQ(Q) vs. number of unknowns for

uniform vs. adaptive refinement

6. Conclusion. In this article, we developed a fully computable a-posteriori

error estimator for state and control constrained optimal control problems. Moreover,
we showed that the estimator tends to zero if the solution of the discretized problems
converge to the solution of the undiscretized problem.
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