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WITH NONTERMINAL TIME AND PHASE CONSTRAINTS

N. D. Botkin, K.-H. Hoffmann, N. Mayer, V. L. Turova

Abstract

In many problems related to control of processes occurring during cryopreservation, the corresponding models
contain constraints on state variables and uncertainties. In this paper, we develop a theory and numerical
methods for the treatment of such challenges. A finite difference scheme for finding viscosity solutions of
specifically stated problems for Hamilton-Jacobi equations is proposed. Solutions of such problems satisfy two
differential inequalities involved into the definition of viscosity solutions. The specifics is that the inequalities
must hold only in the region where solutions are less than a given function or greater than another given
function. From the point of view of optimal control theory and the theory of differential games, these results
can be applied to the finding of value functions in problems with nonterminal payoff functionals and state
constraints.
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1 Introduction

In optimal control theory and the theory of differential games [13, 14], a new approach related to a general-
ization of the Bellman - Isaacs equation has been developed during the last several decades. It was proposed
in [21]-[22] to replace the Bellman-Isaacs equation by a pair of directional derivative inequalities. These
inequalities express in infinitesimal form the the u - stability and v - stability properties of the value function
[14, 23]. A function satisfying these inequalities is called a minmax solution of the Bellman- Isaacs equation.

In [8, 9], the concept of viscosity solutions for Hamilton-Jacobi equations has been proposed. Further inves-
tigations [24] showed that minmax solutions of Bellman-Isaacs equations coincide with viscosity solutions.
So the advanced theory of viscosity solutions and corresponding numerical methods can be used for solving
differential games. In this connection, papers [10, 19] are of great interest. Paper [10] suggests grid methods
based on vanishing viscosity approach for finding viscosity solutions of Hamilton - Jacobi equations. In [19]
an abstract operator which generates an approximate solution is introduced. It is proved that, under certain
conditions posed on this operator, the uniform convergence of the approximate solution to a viscosity solu-
tion holds. It is also shown that the operator can be represented as an explicit or implicit finite difference
scheme for the Hamilton-Jacobi equation. In [20], another representation of the above mentioned operator is
given in terms of differential games theory. In [4], the approach of [19] and [20] is extended to Bellman-Isaacs
equations arising from differential games with payoff functionals of the form:

γχ(x(·)) = min
t∈[t0,T ]

χ(t, x(t)),

where t0 is the starting time, T the termination time, x(·) a trajectory of the controlled system, and χ a
given function. In [2], a discrete scheme for solving minimum time games with discontinuous value functions
is proposed. Papers [25], [26] propose a finite difference method that requires the computation of generalized
gradients of local convex hulls of approximate solutions. In [6], an approach based on the approximation of
viability kernels (see [1]) is presented. A discrete version of the dynamic programming method is developed
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in [3],[7]. Thesis [17] describes application of the Lax-Friedrichs approximation to the computation of vis-
cosity solutions of Bellman-Isaacs equations arising from the level set method (see [18]).

Paper [11] considers pursuit-evasion differential games of indefinite duration. The payoff functional is the first
(if any) time of arrival of the state vector at a given target set provided that the state vector does not leave
a given state constraint. The authors derive a steady-state implicit equation that describes time-discretized
Kružkov’s transform of the value function. A fully-discrete spatial approximation is then proposed. The con-
vergence is proved, and some numerical examples are presented. Work [12] develops a backward procedure
for computing solvability sets in differential games of approach with state constraints. The authors introduce
a backward time step operator that maps compact sets in compact sets and prove that such an operator has
the properties of u and v - stability. From the numerical point of view, the procedure is based on union and
intersection operations of non-convex compact sets. Examples of computations in two dimensions are given.

The present paper deals with Bellman-Isaacs equations arising from differential games with payoff functionals
of the form:

γ(x(·)) = max{ min
t∈[t0,T ]

χ(t, x(t)), max
t∈[t0,T ]

θ(t, x(t))},

where χ and θ are given functions satisfying the relation χ(t, x) ≥ θ(t, x) for all t, x. Note that the first part,
mint∈[t0,T ] χ(t, x), is responsible for the quality of the process and the second part, maxt∈[t0,T ] θ(t, x(t)),
accounts for a state constraint. To see that, consider a differential game of approach with the target set
M := {(t, x) : t ∈ [t0, T ], χ(t, x) ≤ 1} and the state constraint set N := {(t, x) : t ∈ [t0, T ], θ(t, x) ≤ 1}.
Obviously M ⊂ N because χ dominates θ. If the value function of the game is less than or equal to 1 at the
starting position, then there exists a strategy of the first player such that, for all strategies of the second
player and all trajectories x(·), two conditions hold:

(a) mint∈[t0,T ] χ(t, x(t)) ≤ 1 (the position (t, x(t)) arrives at the target set at some time instant t ≤ T ),

(b) maxt∈[t0,T ] θ(t, x(t)) ≤ 1 (the position (t, x(t)) remains in the state constraint set for all t ∈ [t0, T ]).

In this paper, differential inequalities defining viscosity solutions of Bellman-Isaacs equations arising from
differential games with the modified payoff functional are formulated. A modified abstract operator which
is roughly the maximum of the operator considered in [4] and the function θ is introduced. It is shown that
such a modified operator generates approximations of viscosity solutions (value functions) for differential
games with the modified payoff functional. The convergence rate of these approximations is found. The
modified operator can be represented as a fully discrete finite difference scheme or, by analogy with [20], as
minmax ( maxmin) backward procedure. Numerical examples are given.

2 Notation

R is the set of real numbers.

Rn is the canonical Euclidean space.

〈·, ·〉 is the scalar product in Rn.

| · | denotes the absolute value of a scalar, the Euclidean norm of a vector in Rn, the operator
norm of a n× n matrix, or the length of the largest interval of a partition.

Ck(Q) is the space of k times continuously differentiable functions defined on Q.

Ckb (Q) is the space of k times continuously differentiable functions defined on Q which together
with their k derivatives are bounded.

Ck0 (Q) is the space of k times continuously differentiable functions of compact support.

C0,1
b (Q) is the space of bounded real valued Lipschitz functions defined on Q.

‖v‖ = sup
x∈Q
|v(x)| for v ∈ C0,1

b (Q).
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‖Dv‖ is the Lipschitz constant of v ∈ C0,1
b (Q).

Dv(x) =
(
∂v

∂x1
(x),

∂v

∂x2
(x), ...,

∂v

∂xn
(x)
)

is the derivative of a differentiable function.

‖Dkv‖ = sup
x∈Q
|Dkv(x)| for v ∈ Ckb (Q), k = 1, 2.

supp(v) is the support of v.

Bn(x0, r) = {x ∈ Rn : |x− x0| ≤ r}.

3 Differential games

Consider a differential game with the dynamics

ẋ = f(t, x, α, β), t ∈ [0, T ], x ∈ Rn, α ∈ A ⊂ Ra, β ∈ B ⊂ Rb, (1)

where t is time; x the state vector; α, β control parameters of the players; A,B are given compacts. The
game starts at t = t0 and finishes at t = T . The payoff functional defined on the trajectories of system (1)
is given by

γ(x(·)) = max{ min
t∈[t0,T ]

χ(t, x(t)), max
t∈[t0,T ]

θ(t, x(t))}, (2)

where χ : [0, T ] × Rn → R, θ : [0, T ] × Rn → R are some given function, and χ(t, x) ≥ θ(t, x) for all
t ∈ [0, T ], x ∈ Rn. The first player uses the control parameter α to minimize payoff functional (2). The aim
of the second player dealing with the control parameter β is opposite.

The game is formalized as in [14, 23]. That is, the players use feedback strategies which are arbitrary
functions

A : [0, T ]× Rn → A, B : [0, T ]× Rn → B.

For any initial position (t0, x0) ∈ [0, T ] × Rn and any strategies A and B, two functional sets X1(t0, x0,A)
and X2(t0, x0,B) are defined. These sets consist of the limits of the step-by-step solutions of (1) generated
by the strategies A and B, respectively (see [14, 23]).

Assume that the following conditions are fulfilled:

(f1) The function f is uniformly continuous on [0, T ]× Rn ×A×B.
(f2) f is bounded, i.e.

|f(t, x, α, β)| ≤M,

for all (t, x, α, β) ∈ [0, T ]× Rn ×A×B.
(f3) f is Lipschitzian in t, x, i.e.

|f(t1, x1, α, β)− f(t2, x2, α, β)| ≤ N(|t1 − t2|+ |x1 − x2|),

for all (ti, xi, α, β) ∈ [0, T ]× Rn ×A×B, i = 1, 2.
(f4) χ and θ are bounded and Lipschitzian in t, x, i.e.

|χ(t, x)| ≤ C00, |θ(t, x)| ≤ C01,

|χ(t1, x1)− χ(t2, x2)| ≤ L00(|t1 − t2|+ |x1 − x2|),
|θ(t1, x1)− θ(t2, x2)| ≤ L01(|t1 − t2|+ |x1 − x2|),

for all (t, x), (ti, xi) ∈ [0, T ]× Rn, i = 1, 2.

(f5) The function f satisfies the saddle point condition:

min
α∈A

max
β∈B
〈p, f(t, x, α, β)〉 = max

β∈B
min
α∈A
〈p, f(t, x, α, β)〉,
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for any p ∈ Rn, (t, x) ∈ [0, T ]× Rn.

Proposition 1 ([14, 23]). Under assumptions (f1)-(f5), the differential game (1)-(2) has a value function
c : (t, x)→ c(t, x) defined by the relation

c(t, x) = min
A

max
x(·)∈X1(t,x,A)

γ(x(·)) = max
B

min
x(·)∈X2(t,x,B)

γ(x(·)),

therefore, the upper value of the game coincides with the lower one for all (t, x) ∈ [0, T ]× Rn.
The value function is bounded and Lipschitzian in t, x, i.e.

|c(t, x)| ≤ C, and |c(t1, x1)− c(t2, x2)| ≤ L(|t1 − t2|+ |x1 − x2|),

for any (t, x), (ti, xi) ∈ [0, T ]× Rn, i = 1, 2.

Remark 1. The following relations hold:

θ(t, x) ≤ c(t, x) ≤ χ(t, x), ∀(t, x) ∈ [0, T ]× Rn. (3)

The first inequality follows immediately from the definition of the functional γ. The second inequality is not
obvious. It will be obtained below from the same inequality for approximating functions and the point-wise
convergence.

4 Differential inequalities

In [23], a pair of differential inequalities, determining under some additional assumptions the value function
of the game (1) with payoff functional γχ, was introduced (see Theorem 6.5.2, p. 269). In particular, the
directional differentiability of the value function was required. In [22], this requirement was relaxed, and
the results were stated in terms of upper and lower directional derivatives (see Theorem 7.1, p.130). Later,
it was shown in [24] that the inequalities for the upper and lower directional derivatives are equivalent to
the inequalities which define the viscosity solutions. This equivalence is local, i.e. if the inequalities for the
directional derivatives are fulfilled in some neighborhood of a point, then corresponding inequalities for the
viscosity solution are fulfilled at this point. Note that all these arguments can be easily extended to game
(1) with payoff functional (2). To this end, it is sufficient to show that the v - stability property of the value
function should be checked only at positions (t, x) where c(t, x) > θ(t, x). The proof is the same as in Lemma
3.6.2 of [23]. Thus, the following proposition is valid.

Proposition 2 ([8, 22, 24]). A continuous function c : [0, T ] × Rn → R is the value function of the game
(1) - (2) iff the functions

u(τ, x) := c(T − τ, x), u0(τ, x) := χ(T − τ, x), u1(τ, x) := θ(T − τ, x)

satisfy the following conditions:

a) For any (τ, x) ∈ [0, T ]× Rn,
u(τ, x) ≥ u1(τ, x), u(0, x) = u0(0, x). (4)

b) For any point (s0, y0) ∈ (0, T )×Rn satisfying u(s0, y0) > u1(s0, y0) and any function ϕ ∈ C1((0, T )×Rn)
such that u− ϕ attains a local maximum at (s0, y0), the following inequality holds:

∂ϕ

∂τ
(s0, y0) +H(s0, y0, Dϕ(s0, y0)) ≤ 0. (5)

c) For any point (s0, y0) ∈ (0, T )×Rn satisfying u(s0, y0) < u0(s0, y0) and any function ϕ ∈ C1((0, T )×Rn)
such that u− ϕ attains a local minimum at (s0, y0), the following inequality holds:

∂ϕ

∂τ
(s0, y0) +H(s0, y0, Dϕ(s0, y0)) ≥ 0. (6)
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Here
H(s, y, p) = −max

β∈B
min
α∈A
〈p, f(T − s, y, α, β)〉

is the Hamiltonian of the differential game.

5 Approximation scheme

Abstract time step operator

Set u(τ, x) := c(T − τ, x), u0(τ, x) := χ(T − τ, x), u1(τ, x) := θ(T − τ, x). Then, for u, u0, u1, assertions
a) - c) of Proposition 2 are valid, and

|u0(t1, x1)− u0(t2, x2)| ≤ L00(|t1 − t2|+ |x1 − x2|), |u0(t, x)| ≤ C00,

|u1(t1, x1)− u1(t2, x2)| ≤ L01(|t1 − t2|+ |x1 − x2|), |u1(t, x)| ≤ C01,

|u(t1, x1)− u(t2, x2)| ≤ L(|t1 − t2|+ |x1 − x2|), |u(t, x)| ≤ C

for any (t, x), (ti, xi) ∈ [0, T ]× Rn, i = 1, 2.

Let us introduce an operator (see [19]) F (τ, ρ, ·) : C0,1
b (Rn)→ C0,1

b (Rn), where 0 ≤ τ ≤ T, ρ ≥ 0, satisfying
the following conditions:
(F1) F (τ, 0, v) = v .
(F2) The map (τ, ρ)→ F (τ, ρ, v) is continuous w.r.t. the norm ‖ · ‖.
(F3) F (τ, ρ, v + k) = F (τ, ρ, v) + k for any k ∈ R.
(F4) ‖F (τ, ρ, v)− v‖ ≤ C1ρ, where C1 may depend on ‖v‖ and ‖Dv‖.
(F5) There exists an r > 0 and L1 > 0 such that if v1(x) ≤ v2(x) for every x ∈ Rn, then for every y ∈ Rn,
such that

|v1(y + w)− v1(y + w̄)|, |v2(y + w)− v2(y + w̄)| ≤ L̄|w − w̄|

for every w, w̄ ∈ Bn(0, ρr), the following holds:

F (τ, ρ, v1)(y) ≤ F (τ, ρ, v2)(y).

Here, L̄ := max{2L+ 1, L1}.
(F6) There exists a constant C2 > 0 such that

‖F (τ, ρ, v)‖ ≤ eρC2(‖v‖+ ρC2)

provided that ‖Dv‖ ≤ L̄.
(F7) There exist constants C3, C4 > 0 such that

eT (C3+C4)(L00 + TC4) ≤ L̄

and
‖DF (τ, ρ, v)‖ ≤ eρ(C3+C4)(‖Dv‖+ ρC4)

provided that ‖v‖ ≤ eTC2(C00 + TC2) and ‖Dv‖ ≤ L̄.
(F8) For every φ ∈ C2

b (Rn) and x ∈ Rn such that |Dφ(x)| < 2L+ 1,∣∣∣∣F (τ, ρ, φ)(x)− φ(x)
ρ

+H(τ, x,Dφ(x))
∣∣∣∣ ≤ C5 · (1 + ‖Dφ‖+ ‖D2φ‖)ρ.
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Examples of time step operators

A class of operators satisfying conditions (F1) - (F8) is described in [10, 19]. Let ai be positive constants
and ∆xi = aiρ spatial steps that are proportional to the time step ρ, i = 1, n. The operator

F (τ, ρ, v)(x) = v(x)− ρH(τ, x,
v(x1, ..., xn)− v(x1 −∆x1, ..., xn)

∆x1
, ...,

v(x1, ..., xn)− v(x1, ..., xn −∆xn)
∆xn

),

satisfies all these conditions excluding the monotonicity property (F5). If the HamiltonianH(τ, x, p1, p2, ..., pn)
is monotone increasing in the impulse variables p1, p2, ..., pn, and ∆xi/ρ ≡ ai ≥

√
nΩ, where Ω is the Lips-

chitz constant ofH in p, the monotonicity property (F5) holds. The required monotonicity of the Hamiltonian
can be achieved through the variable transformation x̂ = x−C(T − t) in the controlled system, where C ≥ Ω
is a constant. Note that such a transformation changes the Lipschitz constant of the Hamiltonian in the
impulse variables. Therefore, the condition C ≥ Ω′, where Ω′ is the new Lipschitz constant, can be violated,
which avoids from the desired monotonicity. It should be stressed that such a situation is typical, and,
therefore, this technique is only applicable for small values of T , which makes the treatment of realistic tasks
impossible.

The next operator proposed in [15] originally pocesses the monotonicity property (F5) and does not require
any transformation of variables. Although the idea of the operator proposed is brilliant, the convergence
arguments given in [15] are not reliable. They are solely based on topological considerations and do not take
into account the nature of viscosity solutions. The operator is given by

F (τ, ρ, v)(x) = v(x) + ρmax
β∈B

min
α∈A

n∑
i=1

(
pLi · f+

i + pRi · f−i
)
, (7)

where
fi = fi(T − τ, x1, ..., xn, α, β),

pLi =
v(x1, ..., xi, ..., xn)− v(x1, ..., xi −∆xi, ..., xn)

∆xi
,

pRi =
v(x1, ..., xi + ∆xi, ..., xn)− v(x1, ..., xi, ..., xn)

∆xi
,

∆xi = aiρ, f+
i = max (fi, 0), and f−i = min (fi, 0), i = 1, n. Let M be the bound of the right-hand side of

the controlled system. If ∆xi/ρ ≡ ai ≥
√
n ·M, i = 1, n, then the operator F (τ, ρ) given by (7) is monotone

(see [5]).

Remark 2. Note that, if ρ is fixed, the both time step operators can be restricted to functions defined on
rectangular grids with the step ∆xi in ith coordinate, i = 1, n. Therefore, these operators will yield fully
discrete finite difference schemes when used in the approximation procedure considered below.
Remark 3. If the function f is linear in α and β for all fixed (t, x), then the operation max

β∈B
min
α∈A

in the

definitions of the operator (7) can be replaced by max
β∈extB

min
α∈extA

, where “ext” returns the set of the extremal

points. In particular, “max min” can be computed over the set of vertices, if A and B are polyhedrons (see
[5]). Note that this remark is very important for numerical implementations of the operator (7) because the
operation “max min” is applied to functions that are nonlinear and nonconvex/concave in α and β.

Approximation of the value function

For a partition P = {0 = t0 < t1 < ... < tm(P ) = T}, let uP : [0, T ]× Rn → R be defined by

uP (0, x) = max{u0(0, x), u1(0, x)} = u0(0, x),

uP (τ, x) = max
{

min
{
u0(τ, x), F (τ, τ − ti−1, uP (ti−1, ·))(x)

}
, u1(τ, x)

}
, (8)

where τ ∈ (ti−1, ti] for some i = 1, 2, ...,m(P ).
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Lemma 1. The following are true:

(a) For every τ ∈ [0, T ],
‖uP (τ, ·)‖ ≤ eτC2(C00 + τC2),

and uP (τ, ·) ∈ C0,1
b (Rn) with

‖DuP (τ, ·)‖ ≤ eτ(C3+C4)(L00 + τC4).

Moreover, if ti > τ ≥ ti−1 for some i = 1, ...,m(P ), then

‖uP (τ, ·)− uP (ti−1, ·)‖ ≤ max{L00, C̄1}(τ − ti−1),

where C̄1 = C1(eTC2(C00 + TC2), L̄).

(b) uP is bounded and uniformly continuous on [0, T ]× Rn.
(c) For any (τ, x) ∈ [0, T ]× Rn the function uP (τ, x) satisfies the following inequality

u1(τ, x) ≤ uP (τ, x) ≤ u0(τ, x). (9)

The proof can be easily obtained from the properties of the operator F and the definition of uP .

Point-wise convergence of the approximation

Theorem 1. Under assumptions (f1)-(f5) and (F1)-(F8) the estimation holds

|u(τ, x)− uP (τ, x)| ≤ K|P |1/2, (τ, x) ∈ [0, T ]× Rn.

The constant K depends only on the constants M, N, C00, L00, C01, L01 characterizing the functions f, u0

and u1, and on the constants involved into conditions (F1) - (F8).

Proof. As it was mentioned in the introduction, this generalizes the results of [19] and [4]. Many arguments
in the proof of Theorem 1 are parallel to the ones of [19] and [4]. Nevertheless we will not avoid possible
repetitions for the sake of self-completeness of the paper.

It suffices to show that there exists a constant K1 depending on the above called constants such that

MP = sup
(τ,x)∈[0,T ]×Rn

(uP (τ, x)− u(τ, x))± ≤ K1|P |1/2,

where the signs “+”,“–” mean: r+ = max(r, 0), r− = max(−r, 0). Note that, when writing “±”, we bear
in mind that the cases “+” and “–” should be considered separately. We use the notation “±” whenever
definitions or derived results hold in both cases. For brevity, we do not supply symbols (e.g. MP ) which
appear in both cases “+” and “–” with indices indicating these cases.

Without any loss of generality we may assume

MP > 0.

By Lemma 1, there exists an independent on the partition P constant <1 such that

|uP (τ, x)| ≤ <1, ∀(τ, x) ∈ [0, T ]× Rn.

With < := max(<1, C) and ε := |P |1/4 consider a function Φ : Rn × Rn × [0, T ] × [0, T ] → R defined as
follows:

Φ(x, y, τ, s) = (uP (τ, x)− u(s, y))± + 4(<+ 1)βε(x− y) + 4(<+ 1)γε(τ − s)−
τ + s

4T
MP .

Here βε(·) = β(·/ε) and γε(·) = γ(·/ε), where β, γ are functions satisfying the conditions:
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β ∈ C2
0 (Rn), β(0) = 1, 0 ≤ β ≤ 1,

‖Dβ‖ ≤ 2, ‖D2β‖ ≤ 15, β(w) = 0 for |w| > 1,

β(w) = 1− |w|2 for |w| ≤
√

3
4
,

β(w) <
1
4

for |w| >
√

3
4
,

γ ∈ C2
0 (R), γ(0) = 1, 0 ≤ γ ≤ 1,

|Dγ| ≤ 2, |D2γ| ≤ 15, γ(t) = 0 for |t| > 1,

γ(t) = 1− t2 for |t| ≤
√

3
4
,

γ(t) <
1
4

for |t| >
√

3
4
.

Note that the restrictions on the first and the second derivatives of β and γ are compatible with the other
required properties of these functions.

Consider a perturbed function

Ψ(x, y, τ, s) = Φ(x, y, τ, s) + 2δξδ(x, y),

where δ > 0 is any small parameter, ξδ ∈ C2
0 (Rn × Rn) is some function such that the function Ψ assumes

its maximum value on Rn × Rn × [0, T ] × [0, T ]. Such a function exists. Really, since Φ is bounded on
Rn × Rn × [0, T ] × [0, T ], for any δ > 0, there exists a point (x1, y1, τ1, s1) ∈ Rn × Rn × [0, T ] × [0, T ] such
that

Φ(x1, y1, τ1, s1) > sup{Φ(x, y, τ, s) : (x, y, τ, s) ∈ Rn × Rn × [0, T ]× [0, T ]} − δ.

Let us choose ξδ ∈ C∞0 (Rn × Rn) satisfying the conditions:

0 ≤ ξδ ≤ 1, ξδ(x1, y1) = 1, ‖Dξδ‖ ≤ 1, ‖D2ξδ‖ ≤ 1.

Obviously, Ψ = Φ off the support of ξδ and
Ψ(x1, y1, τ1, s1) = Φ(x1, y1, τ1, s1) + 2δ

> sup{Φ(x, y, τ, s) : (x, y, τ, s) ∈ Rn × Rn × [0, T ]× [0, T ]}+ δ

> sup{Ψ(x, y, τ, s) : (x, y, τ, s) ∈ (Rn × Rn \ supp(ξδ))× [0, T ]× [0, T ]}.

Therefore, there is a point (x0, y0, τ0, s0) ∈ Rn × Rn × [0, T ]× [0, T ] such that

Ψ(x0, y0, τ0, s0) ≥ Ψ(x, y, τ, s) (10)

for every (x, y, τ, s) ∈ Rn × Rn × [0, T ] × [0, T ]. Although the maximizing point depends on δ, the next
considerations do not use this fact. Therefore, the index δ is omitted.

The idea to consider a function of a duplicate set of variables (the function Ψ in our case) was proposed in [8]
to estimate difference of two viscosity solutions. This idea was used in [19] to obtain error estimates for finite
difference schemes. With the use of the function Ψ, we will construct some function satisfying the inequality
(6) of Proposition 2 at (s0, y0). Using Ψ, we will construct another function which approximately satisfies
the inequality (5) of Proposition 2 at (τ0, x0). These two functions give the desired estimate of (uP − u)+.
The estimate of (uP − u)− will be obtained in the similar way.

To continue the proof of the theorem, we have to estimate the distance between (τ0, x0) and (s0, y0).
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Lemma 2. For δ < min{ 3
4 ,

1
8MP} the following inequalities hold:

|x0 − y0| ≤
√

3/4ε, |τ0 − s0| ≤
√

3/4ε,

|x0 − y0| ≤
L+ 2δ

4(<+ 1)
ε2, |τ0 − s0| ≤

L+ </T
4(<+ 1)

ε2, (11)

0 <
1
4
MP ≤ (uP (τ0, x0)− u(s0, y0))±. (12)

Proof. Let us estimate |x0 − y0|. We have

Ψ(x0, y0, τ0, s0)−Ψ(x0, x0, τ0, s0)

= (uP (τ0, x0)−u(s0, y0))±−(uP (τ0, x0)−u(s0, x0))±+2δξδ(x0, y0)−2δξδ(x0, x0)+4(<+1)βε(x0−y0)−4(<+1)

≤ |u(s0, y0)− u(s0, x0)|+ 2δ(ξδ(x0, y0)− ξδ(x0, x0)) + 4(<+ 1)βε(x0 − y0)− 4(<+ 1).

If |x0 − y0| >
√

3/4ε, then βε(x0 − y0) < 1/4, and with δ < 3/4 we obtain

Ψ(x0, y0, τ0, s0) < Ψ(x0, x0, τ0, s0)

due to the choice of <. This inequality contradicts (10). Thus, we have |x0 − y0| ≤
√

3/4ε, and hence

Ψ(x0, y0, τ0, s0)−Ψ(x0, x0, τ0, s0)

≤ (L+ 2δ)|x0 − y0| − 4(<+ 1)
|x0 − y0|2

ε2
= |x0 − y0|

4(<+ 1)
ε2

(
L+ 2δ

4(<+ 1)
ε2 − |x0 − y0|

)
.

The last formula shows that
|x0 − y0| ≤

L+ 2δ
4(<+ 1)

ε2.

Otherwise Ψ(x0, y0, τ0, s0) < Ψ(x0, x0, τ0, s0), which contradicts (10).

Let us estimate |τ0 − s0|. We have

Ψ(x0, y0, τ0, s0)−Ψ(x0, y0, τ0, τ0)

= (uP (τ0, x0)−u(s0, y0))±−(uP (τ0, x0)−u(τ0, y0))±− τ0 + s0
4T

MP +
τ0 + τ0

4T
MP +4(<+1)γε(τ0−s0)−4(<+1)

≤ |u(τ0, y0)− u(s0, y0)|+ |τ0 − s0|
4T

MP + 4(<+ 1)γε(τ0 − s0)− 4(<+ 1).

If |τ0 − s0| >
√

3/4ε, then γε(τ0 − s0) < 1/4, and due to the choice of < we get

Ψ(x0, y0, τ0, s0) < Ψ(x0, y0, τ0, τ0),

which is a contradiction. So, we have |τ0 − s0| ≤
√

3/4ε, and therefore

Ψ(x0, y0, τ0, s0)−Ψ(x0, y0, τ0, τ0)

≤ (L+ </T )|τ0 − s0| − 4(<+ 1)
|τ0 − s0|2

ε2
= |τ0 − s0|

4(<+ 1)
ε2

(
L+ </T
4(<+ 1)

ε2 − |τ0 − s0|
)
.

One can see from the last formula that

|τ0 − s0| ≤
L+ </T
4(<+ 1)

ε2.

Otherwise, Ψ(x0, y0, τ0, s0) < Ψ(x0, y0, τ0, τ0), which is a contradiction.

Moreover, from the definition of Ψ and (10), we have
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(uP (τ0, x0)− u(s0, y0))± + 8(<+ 1) + 2δ

≥ Ψ(x0, y0, τ0, s0) ≥ Ψ(x, x, τ, τ) ≥ (uP (τ, x)− u(τ, x))± + 8(<+ 1)− 1
2
MP

for any (τ, x) ∈ [0, T ]× Rn.
Hence

(uP (τ0, x0)− u(s0, y0))± + 2δ ≥ 1
2
MP ,

and, for δ < 1
8MP , we have

(uP (τ0, x0)− u(s0, y0))± ≥ 1
4
MP > 0,

which proves Lemma 2 and allows us to continue the prove of the theorem. �

1. Consider the case “+”, that is estimate the value

MP = sup
(τ,x)∈[0,T ]×Rn

(uP (τ, x)− u(τ, x))+ .

We begin with the case τ0 = 0, s0 ≥ 0.

By Lemma 2, we have

0 <
1
4
MP ≤ (uP (0, x0)− u(s0, y0))+ = uP (0, x0)− u(s0, y0) = u0(0, x0)− u(0, y0) + u(0, y0)− u(s0, y0)

≤ L00|x0 − y0|+ L|τ0 − s0| ≤
(
L00

L+ 4δ
4(<+ 1)

+ L
L+ </T
4(<+ 1)

)
|P |1/2.

Note that the constants C,L are functions of M,N,C00, C01, L00, L01, T (see [23]). Hence, < is a function of
M,N,C00, C01, L00, L01, T and, therefore, the assertion of the theorem is true in this case.

Now, we consider the main case τ0 > 0, s0 ≥ 0.

(a) If u(s0, y0) > u0(s0, y0), then we obtain

0 <
1
4
MP ≤ uP (τ0, x0)−u(s0, y0) ≤ uP (τ0, x0)−u0(s0, y0) = uP (τ0, x0)−u0(τ0, x0) +u0(τ0, x0)−u0(s0, y0).

Lemma 1 provides that uP (τ0, x0) ≤ u0(τ0, x0), which yields

0 < uP (τ0, x0)− u(s0, y0) ≤ u0(τ0, x0)− u0(s0, y0),

and with Lemma 2 we obtain the required estimate

MP ≤ 4L00

(
L+ 4δ

4(<+ 1)
+
L+ </T
4(<+ 1)

)
|P |1/2.

Taking into account the above remark on the constants C,L, and <, we get the proof.

(b) If uP (τ0, x0) = u1(τ0, x0), then from (12) and (8) we obtain

u1(τ0, x0) = uP (τ0, x0) > u(s0, y0) ≥ u1(s0, y0).

Therefore,
0 > u(s0, y0)− uP (τ0, x0) ≥ u1(s0, y0)− u1(τ0, x0),
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and with Lemma 2 we obtain the required estimate

MP ≤ 4L00

(
L+ 4δ

4(<+ 1)
+
L+ </T
4(<+ 1)

)
|P |1/2.

Taking into account the above remark on the constants C,L, and <, we get the proof.

(c) If u(s0, y0) = u0(s0, y0), then from (12) and (8) we obtain

u0(s0, y0) = u(s0, y0) < uP (τ0, x0) ≤ u0(τ0, x0).

Therefore,
0 < uP (τ0, x0)− u(s0, y0) ≤ u0(τ0, x0)− u0(s0, y0),

and with Lemma 2 we obtain the required estimate

MP ≤ 4L00

(
L+ 4δ

4(<+ 1)
+
L+ </T
4(<+ 1)

)
|P |1/2.

Taking into account the above remark on the constants C,L, and <, we get the proof.

(d) Assume now u(s0, y0) < u0(s0, y0) and uP (τ0, x0) > u1(τ0, x0), which in particular implies s0 > 0.

Step 1. Consider the function

ϕ(s, y) = uP (τ0, x0) + 4(<+ 1)βε(x0 − y) + 4(<+ 1)γε(τ0 − s) + 2δξδ(x0, y)− τ0 + s

4T
MP .

It is clear that u(s, y) − ϕ(s, y) ≥ −Ψ(x0, y, τ0, s), and therefore u − ϕ attains a minimum at (s0, y0).
Substitution of ϕ in (6) yields

0 ≤ −4(<+ 1)γ′ε(τ0 − s0)− 1
4T

MP +H(s0, y0, Dϕ(s0, y0)),

and therefore
1

4T
MP ≤ −4(<+ 1)γ′ε(τ0 − s0) +H(s0, y0, Dϕ(s0, y0)). (13)

Step 2. Consider now the function

ψ(τ, x) = u(s0, y0)− 4(<+ 1)βε(x− y0)− 4(<+ 1)γε(τ − s0)− 2δξδ(x, y0) +
τ + s0

4T
MP .

We need the following lemma to use the property (F5) of the operator F with the functions v1(·) = uP (ti−1, ·)
and v2(·) = ψ(ti−1, ·) + k (k is some constant) at the point x0.

Lemma 3. Let r be the constant from (F5), and ti−1 be such that τ0 ∈ (ti−1, ti]. Then for δ < 1
13 and

|P |1/2 < min{1, 1/(240(<+ 1)r)} the inequalities

|ψ(ti−1, x0 + w)− ψ(ti−1, x0 + w̄)| < L̄|w − w̄|,

|uP (ti−1, x0 + w)− uP (ti−1, x0 + w̄)| < L̄|w − w̄|,

hold for any w, w̄ ∈ Bn(0, (τ0 − ti−1)r).
Proof. By the definition of ψ we have

Dψ(τ, x) = −4(<+ 1)Dβε(x− y0)− 2δDξδ(x, y0).

Note that the right hand side does not depend on τ . From the choice of the functions βε, ξδ we have

|Dψ(τ, x)| ≤ 8(<+ 1)(
1
ε

+ δ), (14)
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|D2ψ(τ, x)| ≤ 60(<+ 1)(
1
ε2

+ δ). (15)

Moreover, using Lemma 2 we obtain

|Dψ(τ, x0)| = | − 4(<+ 1)Dβε(x0 − y0)− 2δDxξδ(x0, y0)|

≤ 8(<+ 1)|x0 − y0|
ε2

+ 2δ ≤ 2L+ 6δ. (16)

Next we observe that
|ψ(ti−1, x0 + w)− ψ(ti−1, x0 + w̄)|

≤ |ψ(ti−1, x0 + w)− ψ(ti−1, x0 + w̄)−Dψ(ti−1, x0) · (w − w̄)|

+|(Dψ(ti−1, x0)−Dψ(τ0, x0)) · (w − w̄)|+ |Dψ(τ0, x0) · (w − w̄)|.

Using (15), (16) and the assumption w, w̄ ∈ Bn(0, (τ0 − ti−1)r), we obtain

|ψ(ti−1, x0 + w)− ψ(ti−1, x0 + w̄)|

≤
(
120(<+ 1)(τ0 − ti−1)r(

1
ε2

+ δ) + 2L+ 6δ
)
|w − w̄|

≤
(
2L+

1
2

+
δ

2
+ 6δ

)
|w − w̄|

due to the equality ε = |P |1/4 and the assumption on |P |. The choice of δ yields the first assertion of the
lemma. The second assertion is a consequence of Lemma 1(a). This completes the proof of Lemma 3 and
allows us to continue the proof of the theorem. �

Observe that uP (τ, x)−ψ(τ, x) ≤ Ψ(x, y0, τ, s0) and hence uP −ψ attains a maximum at (τ0, x0). Therefore,
for ti−1 such that τ0 ∈ (ti−1, ti], the inequality

(uP − ψ)|(ti−1,x) ≤ (uP − ψ)|(τ0,x0)

holds for any x ∈ Rn. In other words

uP (ti−1, x) ≤ ψ(ti−1, x) + (uP (τ0, x0)− ψ(τ0, x0)). (17)

Using definition (8) and bearing in mind the assumption uP (τ0, x0) > u1(τ0, x0) yields

uP (τ0, x0) = min{u0(τ0, x0), F (τ0, τ0 − ti−1, uP (ti−1, ·))(x0)}.

Taking into account Lemma 3, properties (F3) and (F5) of the operator F , and inequality (17), we obtain

uP (τ0, x0) ≤ F (τ0, τ0 − ti−1, uP (ti−1, ·))(x0)

≤ F (τ0, τ0 − ti−1, ψ(ti−1, ·))(x0) + (uP (τ0, x0)− ψ(τ0, x0)). (18)

Adding to the both sides the term ψ(ti−1, x0), we get

0 ≤ F (τ0, τ0 − ti−1, ψ(ti−1, ·))(x0)− ψ(ti−1, x0)
τ0 − ti−1

+
ψ(ti−1, x0)− ψ(τ0, x0)

τ0 − ti−1
. (19)

From the definition of ψ, we have

ψ(ti−1, x0)− ψ(τ0, x0)
τ0 − ti−1

= 4(<+ 1)
γε(τ0 − s0)− γε(ti−1 − s0)

τ0 − ti−1
− 1

4T
MP .

Then, from (19), (F8), and the last equality, we obtain

1
4T

MP ≤ 4(<+ 1)
γε(τ0 − s0)− γε(ti−1 − s0)

τ0 − ti−1
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−H(τ0, x0, Dψ(ti−1, x0)) + C5 · (1 + ‖Dψ(ti−1, ·)‖+ ‖D2ψ(ti−1, ·)‖)|P | (20)

provided that δ < 1
13 ( see (16) and (F8)).

Now we add (13) and (20) to obtain
1

2T
MP ≤ 4(<+ 1)(

γε(τ0 − s0)− γε(ti−1 − s0)
τ0 − ti−1

− γ′ε(τ0 − s0))

+H(s0, y0, Dϕ(s0, y0))−H(τ0, x0, Dψ(ti−1, x0))

+C5 · (1 + ‖Dψ(ti−1, ·)‖+ ‖D2ψ(ti−1, ·)‖)|P |.

Since
|Dϕ(s0, y0)−Dψ(ti−1, x0)| ≤ 4δ,

|H(t1, x1, p1)−H(t2, x2, p2)| ≤ |p2|N(|t1 − t2|+ |x1 − x2|) +M |p1 − p2|

(the constants N and M are defined in (f2) and (f3)), taking into account (14), (15), (16), and the estimate

|D2γε(τ)| ≤ 15
ε2

(21)

yields

1
2T

MP ≤ 60(<+ 1)
|P |
ε2

+ (2L+ 6δ)N
(
L+ 2δ

4(<+ 1)
+
L+ </T
4(<+ 1)

)
ε2 + 4δM

+C5 ·
(

1 + 8(<+ 1)(
1
ε

+ δ) + 60(<+ 1)(
1
ε2

+ δ)
)
|P |.

Using the fact that ε = |P |1/4, assuming |P | < 1, and letting δ tend to 0, we obtain

MP ≤ K1|P |1/2,

where

K1 = 2T
(

60(<+ 1) +
2LN(2L+ </T )

4(<+ 1)
+ C5 · (1 + 68(<+ 1))

)
provided that

|P |1/2 < min{1, 1
240(<+ 1)r

}.

2. Consider the case “–”, that is estimate the value

MP = sup
(τ,x)∈[0,T ]×Rn

(uP (τ, x)− u(τ, x))− .

We begin with the case τ0 ≥ 0, s0 = 0.

By Lemma 2 and with the use of Lemma 1, we have

0 <
1
4
MP ≤ (uP (τ0, x0)− u(0, y0))− = u(0, y0)− uP (τ0, x0) = u0(0, y0)− u(0, x0) + u(0, x0)− uP (τ0, x0)

≤ L00|x0 − y0|+ max{L00, C̄1}|τ0 − s0| ≤
(
L00

L+ 4δ
4(<+ 1)

+ max{L00, C̄1}
L+ </T
4(<+ 1)

)
|P |1/2,

which gives the proof in the subcase considered.

Now, we consider the main case τ0 ≥ 0, s0 > 0.
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(a) If u(s0, y0) = u1(s0, y0), then

u1(s0, y0) = u(s0, y0) > uP (τ0, x0) ≥ u1(τ0, x0),

and hence
0 > uP (τ0, x0)− u(s0, y0) ≥ u1(τ0, x0)− u1(s0, y0).

From (11), (12) of Lemma 2, we obtain

MP ≤ 4L00

(
L+ 4δ

4(<+ 1)
+
L+ </T
4(<+ 1)

)
|P |1/2,

which gives the proof.

(b) If uP (τ0, x0) = u0(τ0, x0), then

u0(τ0, x0) = uP (τ0, x0) < u(s0, y0) ≤ u0(s0, y0),

and hence
0 < u(s0, y0)− uP (τ0, x0) ≤ u0(s0, y0)− u0(τ0, x0).

From (11), (12) of Lemma 2, we obtain

MP ≤ 4L00

(
L+ 4δ

4(<+ 1)
+
L+ </T
4(<+ 1)

)
|P |1/2,

which gives the proof.

(c) Assume now uP (τ0, x0) < u0(τ0, x0) and u(s0, y0) > u1(s0, y0), which in particular implies τ0 > 0.

Step 1. Consider the function

ϕ(s, y) = uP (τ0, x0)− 4(<+ 1)βε(x0 − y)− 4(<+ 1)γε(τ0 − s)− 2δξδ(x0, y) +
τ0 + s

4T
MP .

Obviously, u(s, y) − ϕ(s, y) ≤ Ψ(x0, y, τ0, s), and therefore u − ϕ attains a maximum at (s0, y0). Hence we
obtain from (5)

0 ≥ 4(<+ 1)γ′ε(τ0 − s0) +
1

4T
MP +H(s0, y0, Dϕ(s0, y0)),

and therefore
1

4T
MP ≤ −4(<+ 1)γ′ε(τ0 − s0)−H(s0, y0, Dϕ(s0, y0)). (22)

Step 2. Let us consider now the function

ψ(τ, x) = u(s0, y0) + 4(<+ 1)βε(x− y0) + 4(<+ 1)γε(τ − s0) + 2δξδ(x, y0)− τ + s0
4T

MP .

Note that uP (τ, x) − ψ(τ, x) ≥ −Ψ(x, y0, τ, s0), and therefore uP − ψ attains a minimum at (τ0, x0). Thus,
for the time instant ti−1 such that τ0 ∈ (ti−1, ti], the inequality

(uP − ψ)|(ti−1,x) ≥ (uP − ψ)|(τ0,x0)

holds for any x ∈ Rn, and hence

uP (ti−1, x) ≥ ψ(ti−1, x) + (uP (τ0, x0)− ψ(τ0, x0)). (23)

Note that the assertion of Lemma 3 holds for the function ψ. By our assumption, uP (τ0, x0) < u0(τ0, x0),
and hence

uP (τ0, x0) = F (τ0, τ0 − ti−1, uP (ti−1, ·))(x0).



15

Using Lemma 3 and properties (F3), (F5) of the operator F , we obtain from (23):

uP (τ0, x0) = F (τ0, τ0 − ti−1, uP (ti−1, ·))(x0)

≥ F (τ0, τ0 − ti−1, ψ(ti−1, ·))(x0) + (uP (τ0, x0)− ψ(τ0, x0)). (24)

Adding to the both sides of (24) the term ψ(ti−1, x0), we get

0 ≥ F (τ0, τ0 − ti−1, ψ(ti−1, ·))(x0)− ψ(ti−1, x0)
τ0 − ti−1

+
ψ(ti−1, x0)− ψ(τ0, x0)

τ0 − ti−1
. (25)

From the definition of ψ, we have

ψ(ti−1, x0)− ψ(τ0, x0)
τ0 − ti−1

= 4(<+ 1)
γε(ti−1 − s0)− γε(τ0 − s0)

τ0 − ti−1
+

1
4T

MP .

Then, from (25),(F8) and the last equality, we obtain

1
4T

MP ≤ 4(<+ 1)
γε(τ0 − s0)− γε(ti−1 − s0)

τ0 − ti−1

+H(τ0, x0, Dψ(ti−1, x0)) + C5 · (1 + ‖Dψ(ti−1, ·)‖+ ‖D2ψ(ti−1, ·)‖)|P | (26)

provided that δ < 1
6 ( see (16) and (F8) ). Adding (22) and (26) yields

1
2T

MP ≤ 4(<+ 1)
(γε(τ0 − s0)− γε(ti−1 − s0)

τ0 − ti−1
− γ′ε(τ0 − s0)

)
+H(τ0, x0, Dψ(ti−1, x0))−H(s0, y0, Dϕ(s0, y0))

+C5 · (1 + ‖Dψ(ti−1, ·)‖+ ‖D2ψ(ti−1, ·)‖)|P |.
Since

|Dψ(ti−1, x0)−Dϕ(s0, y0)| ≤ 4δ,

|H(t1, x1, p1)−H(t2, x2, p2)| ≤ |p1|N(|t1 − t2)|+ |x1 − x2|) +M |p1 − p2|
(the constants N , M are defined in (f2) and (f3)), taking into account (14), (15), (16), and (21) yields

1
2T

MP ≤ 60(<+ 1)
|P |
ε2

+ (2L+ 6δ)N
(
L+ 2δ

4(<+ 1)
+
L+ </T
4(<+ 1)

)
ε2 + 4δM

+C5 ·
(

1 + 8(<+ 1)(
1
ε

+ δ) + 60(<+ 1)(
1
ε2

+ δ)
)
|P |.

Using the fact that ε = |P |1/4, assuming |P | < 1, and letting δ tend to 0, we obtain

MP ≤ K1|P |1/2,

where

K1 = 2T
(

60(<+ 1) +
2LN(2L+ </T )

4(<+ 1)
+ C5 · (1 + 68(<+ 1))

)
provided that

|P |1/2 < min
{

1,
1

240(<+ 1)r

}
.

Theorem 1 is proved. �

Remark 3. Note that the convergence proved and relation (9) show that

u0(τ, x) ≥ u(τ, x) ≥ u1(τ, x), ∀(τ, x) ∈ [0, T ]× Rn. (27)
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6 Examples

Examples given in this section illustrate problems associated with functional (2) and show the efficiency of
the upwind time step operator (7). We are going to compute both value functions and optimal trajectories
of the players. The next subsections describes the so called extremal aiming method for the construction of
optimal strategies of the players.

Optimal strategies of the players

The choice of optimal controls of the player is based on on the procedure of extremal aiming proposed in
[14]. Let ε be a small positive number, tn the current time instant. Consider an ε-neighborhood

Uε = {x ∈ Rn : |x− x(tn)| ≤ ε}

of the current state x(tn) of system (1). By searching through all grid points x# ∈ Uε, find a point x#
∗ such

that
cP (tn, x#

∗ ) = min
x#∈Uε

cp(tn, x#),

where cp is a grid approximation of the value function. The current control α(tn) ( β(tn)) which is supposed
to be applied on the next time interval [tn, tn+1) is computed from the condition of maximizing (minimizing)
the projection of the system velocity f onto the direction of the vector s = x#

∗ − x(tn). Thus,

α(tn) : max
β∈Q
〈s, f(tn, x(tn), α(tn), β)〉 = min

α∈P
max
β∈Q
〈s, f(tn, x(tn), α, β)〉 , (28)

β(tn) : min
α∈P
〈s, f(tn, x(tn), α, β(tn))〉 = max

β∈Q
min
α∈P
〈s, f(tn, x(tn), α, β)〉 . (29)

Nonlinear pendulum. The first example is a nonlinear pendulum with the dynamics

ẋ1 = x2 + β, ẋ2 = −gl sinx1 −
α

l
cosx1, |α| ≤ 1, |β| ≤ 1. (30)

Here x1 is the angle deflection, x2 the angle velocity, α the horizontal force governed by the first player,
β an information disturbance which is at the disposal of the second player, l the length, and g the gravity
acceleration. The unit mass is assumed. Let

χ(x1, x2) = 10
√
x2

1 + x2
2 and θ(x1, x2) = 2.5|x1|.

We consider the game of approach with the target set M = {(x1, x2) : χ(x1, x2) ≤ 1} and the state constraint
set N = {(x1, x2) : θ(x1, x2) ≤ 1}. The starting time is t0 = 0, and the terminal time T = 5. According
to our technique, we consider the differential game with the dynamics (30) and the payoff functional of the
form (2). We assume that the starting state (x10, x20) lies in the solvability set {(x1, x2) : c(t0, x1, x2) ≤ 1},
where c is the value function. An optimal trajectory shown in Fig. 1 reaches the target set and does not
violate the state constraint.

Material point. The next well-known example is the game of two material points on a line. In the relative
coordinates, the dynamics is given by

ẋ1 = x2 + β, ẋ2 = α, |α| ≤ 1, |β| ≤ 0.2 . (31)

Here x1 is the relative position of the points, x2 the relative velocity. The first player uses the control
variable α to ensure the condition

√
x1(τ)2 + x2(τ)2 ≤ 0.2 at some time instant τ provided that the state

constraint |x2(t)| ≤ 0.5 holds for all t ≤ τ . The aim of the second player that uses the control variable β
is opposite. According to our technique, we consider the differential game with the dynamics (31) and the
payoff functional of the form (2) with

χ(x1, x2) = 5
√
x2

1 + x2
2 and θ(x1, x2) = 2|x2|.
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Figure 1: The solvability set (red), the target set (blue), and the optimal trajectory (green).

The starting time is t0 = 0, and the terminal time T = 5.

Figure 2 shows a trajectory corresponding to optimal strategies of the players. The trajectory to the left
(green) starts from a point of the solvability set {(x1, x2) : c(t0, x1, x2) ≤ 1}. It reaches the target set and
remains inside the state constraint. One can see a scattering regime appearing when the trajectory reach the
boundary of the state constraint (see Fig. 3 for the enlarged fragment). The trajectory to the right starts
from a false point so that the second player wins.

-1.5 -1 -0.5 0 0.5 1 1.5

-1

-0.5

0

0.5

1

x2

x1

Figure 2: The solvability set (red), the target set (blue), the optimal trajectory for the first player (green),
and the win trajectory for the second player (magenta).
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Figure 3: The enlarged fragment of Fig. 2 showing the chattering regime.

Game of two cars. The differential game of two cars was originally introduced in [13]. In this game, the
first car pursuers the second one, both cars are moving in the plane. Similar to paper [16], we consider the
case where the both cars have the same linear velocities and minimum turn radii. In a movable reference
coordinate system (see Fig. 4), the dynamics of the relative motion can be described as follows:

ẋ = −yα+ sinφ, ẏ = xα+ cosφ− 1, φ̇ = −α+ β, |α| ≤ 1, |β| ≤ 1. (32)

The termination conditions are√
x2 + y2 ≤ r, cos (φ− φf (x, y))− cosφf (x, y) ≤ 0 at

√
x2 + y2 = r,

where φf (x, y) =

{
arccos ( x/

√
x2 + y2), y ≥ 0,

π + arccos (−x/
√
x2 + y2), y < 0,

which expresses the following capture rules: the distance between the cars is less than or equal to a given
capture radius r, and the relative radial velocity on the termination is non-positive. The terminal time
tf = 10. We extend the game by introducing the state constraint |φ+ 2| ≤ s for the third variable. To this
end, the payoff functional of the form (2) with

χ(x, y, φ) = max
{√

x2 + y2 − r, cos (φ− φf (x, y))− cosφf (x, y)
}
,

θ(x, y, φ) = |φ+ 2| − s

is considered. Let cP be a computed approximation of the value function. Figure 5 presents the solvability set
defined by {(x, y, φ) : cP (x, y, φ) ≤ 0} and the section of this set by the plane φ = −2. In the computation,
the grid size was equal to 300 × 300 × 300, the time step was equal to 10−3, and the run time on a Linux
SMP-computer with 30 threads was about 10 minutes. In the case of the absence of the state constraint,
the results exactly coincide with those analytically found in [16].
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Figure 4: Movable coordinate system. Here, y is the axis collinear to the pursuer’s velocity, φ the angle
between the axis y and the evader’s velocity, and x is such that {x, y, φ} is the orthogonal right coordinate
system.
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6
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Figure 5: To the left. The solvability set for the case of the absence of the state constraint (blue) and the
cutting plane φ = −2 (red). To the right. The cross sections of three solvability sets computed: a) without
the state constraint (the largest one); b) with the state constraint corresponding to s = 1 (the middle one);
and c) with the state constraint corresponding to s = 0.8 (the smallest one).
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