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1 Introduction
In this paper we consider the optimal control problem
min J (v, 1) = <o — valZa 00 + 20l 22 (1.1)
’ 9 12(Q) o 1 L2(0)

subject to

—Av+Vp=u in Q,
V-v=0 in €, (1.2)
v=20 on 0,

and subject to the pointwise control constraints
g < u(z) < up for a.a. z € Q. (1.3)

Here, € is an open and bounded domain in R? with d = 2 or d = 3. 99 is the boundary
of . Further, the quantities uq,uy € R? are constant vectors and the regularization
parameter v is a fixed positive number. The desired velocity field vy is assumed to be
from C%7(Q)?, o € (0,1). We introduce the space U := L?(£2)? and the set of admissible
controls

Uad:{ueU:uaguguba.e.}.

This paper investigates the discretization of the optimal control problem (1.1)—(1.3)
based on a finite element approximation of the state and the control variable. The
discussion of discretizations of optimal control problems governed by partial differential
equations started with papers of Falk [18], Gevici [19] and Malanowski [26]. In the past
few years several results concerning a priori error estimates for this type of problem
were proved, see e.g. [9, 14, 13, 12, 34, 30, 33]. These papers are either concerned
with linear and quasi-linear elliptic or linear parabolic state equations. The authors
established convergence rates for the error in the control of 1 and % in L2(Q) and of 1 in
L*>°(Q). These results could be improved by two new discretization concepts, namely the
variational discrete approach and the post-processing approach. In both cases, linear-
quadratic optimal control problems governed by an elliptic equation were considered
first. In the variational discrete approach of Hinze [23] the control is not discretized but
approximated by the use of the first order optimality condition and the discretized state
and adjoint state. For this approximation convergence order 2 in L?(§2) was proved under
the assumption of H2-regularity. Meyer and Rosch [29] used a post-processing technique
to get an improved approximation for the control. The optimal control is discretized by
piecewise constant functions, state and adjoint state by piecewise linear functions. The
so computed adjoint state is projected in the set of admissible controls and yields an
approximation of the optimal control that is not in the finite element space anymore.
They showed that for this approximation the L?-error behaves like h? provided the state
variable is contained in H?(£2). Apel and co-authors got the same result for situations
with reduced regularity in the state caused by corners and/or edges in the domain .



They counteracted the singularities by isotropic [5, 8] or anisotropic mesh grading [7].
In [4] the authors proved a convergence rate of h%Inh in L>(£2) in plane domains for
both, the post-processed as well as the variational-discrete control.

Rosch and Vexler applied the post-processing technique to a linear-quadratic optimal
control problem governed by the Stokes equations [35]. They proved second order con-
vergence under the assumption, that the velocity field admits full regularity, what means
it is contained in H2(Q) N W1°°()). We should also mention that several articles were
published for the optimal control of the Stokes and Navier-Stokes equation without con-
trol constraints, see e.g. [21, 22, 10, 17].

This paper extends the results of Rosch and Vexler [35] and Apel et al. [5, 8, 7] to
the optimal control of the Stokes equations under weaker regularity assumptions. This
means, we do not assume that the velocity field is contained in W (Q)4 N H2(Q)4,
but only in some weighted space H2(2) (comp. (2.7)). In [35] the authors made use of
the Wh>_regularity of the velocity field in an explicit manner. Therefore they restrict
theirselves to polygonal, convex domains Q C R?, d = 2,3, and assume in the case d = 3
that the edge openings of the domain () are smaller than %W. The authors of [5, 8, 7]
considered optimal control problems with scalar elliptic state equations also in non-
convex domains, such that the state is not contained in W1>°(Q) N H2(£2). We do not
only combine the techniques developed in these papers but also introduce substantially
new things. First of all, we allow the discretization of the velocity field to be non-
conforming. To the authors’ best knowledge this is the first time that non-conforming
finite element methods are investigated in the context of optimal control. Furthermore
we prove second order convergence for the finite element approximation of the velocity
field of the state equation in L?(2) under general assumptions on the finite dimensional
spaces Xp and Mpy. Such assumptions are e.g. discrete Poincaré inequality, consistency
and uniform inf-sup-condition. They are valid for many element pairs on isotropic as
well as anisotropic meshes (see e.g. [2], [11]). Under these assumptions we prove the
supercloseness result,

lapn — Rh'L_LHLZ(Q) < Ch2, (1.4)

where 4y, is the solution of the discretized optimality system and Ry an operator that
maps continuous functions to the space of piecewise constant functions. As in previous
publications concerning the post-processing approach for control-constrained optimal
control problems this is the key to the proof of the main result, namely the supercon-
vergence of the approximate control i to the optimal control u,

1@ — n | 2(q) < ch®. (1.5)

Here, iy, is the projection of the approximate adjoint velocity in the set of admissible
controls U, In the last two sections we check the general assumptions for concrete
examples. We first consider a prismatic domain Q = G x Z, where G C R? is a two-
dimensional domain with a reentrant corner and Z C R an interval. The domain is
discretized by anisotropic tetrahedral elements, whose size depends on the distance to



the reentrant edge. The velocity is approximated by Crouzeix-Raviart elements, for
the pressure we use piecewise constant functions. The control is also approximated by
piecewise constant functions. Notice, that the proofs in [7] cannot be adapted in a
straightforward manner. The reason is not only the more complicated structure of the
Stokes equations but also the fact, that the authors of [7] used the additional regularity
of the solution and its derivatives in edge-direction in LP(f2) for general p. In the case
of the Stokes equations such results are only available for p = 2, see [3]. This requires a
modification in the proof of the assumption (A9) below. Our second example concerns
a two-dimensional setting, where the domain has a reentrant corner. We prove that our
general assumptions are satisfied for a couple of element pairs as long as one uses a mesh
that is tailored to the corner singularity.

Let us give a short outline of the paper. In Section 2 we extract a couple of general
assumptions on the discretization of the optimal control problem, that allows us to
prove estimates (1.4) and (1.5). In Section 3 we give some estimates concerning the
finite element error in the state equation. The main results (1.4) and (1.5) are stated
more precisely and proved in Section 4. Furthermore we prove second order convergence
in the optimal velocity and optimal adjoint velocity as well as first order convergence
in the optimal pressure and optimal adjoint pressure. As already mentioned above
Section 5 and Section 6 contain two particular configurations, namely an anisotropic
and non-conforming discretization in a prismatic domain and a isotropic discretization
for a couple of element pairs in a polygonal domain. For both settings we illustrate our
theoretical findings by numerical examples.

2 General assumptions on the discretization

In the following we consider solutions of the Stokes equations (1.2) in the sense of a weak
formulation. Therefore we introduce the spaces

X = {v e (HY()? : v|pq = o} :

M:{pGLQ(Q):/Qp:0}

and the bilinear formsa: X x X — Rand b: X x M — R as
d
afv, p) = Z/ Vo - Vi and  bp,p) := — / PV - ¢,
=17 L

respectively. We write (-,-) for the inner product in L?(Q) or L?(Q)? according to the
context. Then the weak solution (v,p) € X x M of equation (1.2) is given as unique
solution of

a(v,p) +b(p,p) = (u, ) Y€ X (2.1)
b(v,¥) =0 Vip € M.



For the formulation of the optimality system we introduce the adjoint equation
—Aw—Vr=v—1yg in Q,

V-w=0 in Q,
w=20 on 0f).

Its weak formulation is given as
a(w, ) = b(p,r) = (v —va, )  VpeX
b(w,) =0 Vi € M.

We introduce the solution mappings S and S? of the continuous state equation such that
there holds for all (p,v) € X x M and uw € U

a(Su, ) + b, SPu) = (u,p)  and  b(Su, 1) = 0.

Analogously, we introduce S* and SP* as solution mappings of the adjoint equation.
Further we define the operator P such that Pu = (S*(Su — v4)) = w. Moreover, we
introduce the projection

My ) f () 1= max(ug, min(up, f()).

The optimal control problem (1.1) — (1.3) is strictly convex and radially unbounded.
Therefore it admits a unique solution. The first order necessary condition can be for-
mulated as variational inequality and is also sufficient for optimality. These statements
are summarized in the following lemma. A proof can be found e.g. in [26].

Lemma 2.1. The optimal control problem (1.1) — (1.3) has a unique solution w. The
variational inequality

(0w + va,u —a)y >0 Yu € U (2.3)

is a necessary and sufficient condition for the optimality of 4 with associated state §j =
(v,p) and associated adjoint state z = (w,7). The projection formula

U= H[ua,ub} <—11Z}> (2.4)

1%

is an equivalent formulation for condition (2.3).

In the remainder of this section we give a couple of assumptions which are sufficient for
proving a finite element error estimate for the optimal control problem (1.1) — (1.3). In
order to discretize the optimal control problem, we consider a conforming triangulation
75, of Q in the sense of Ciarlet [15], i.e.

(A1)

e O = UTeThT



e For two arbitrary elements 7%, Ty € 7;, with T # T one has Ty N1y = ().

e Any face of any element T7 € 7}, is either a subset of the boundary 02 or a face of
another cell Ty € 7y,.

The control variable u is approximated by piecewise constant functions using the discrete
spaces

Uy, = {uh €U :up|r € (Po)? for all T € Th} and UM = U, N U™

For the discretization of the state equation we assume a given velocity approximation
space X} and a given pressure approximation space Mj each consisting of piecewise
polynomial functions, such that My C M but not necessarily X, C X. Since the
velocity space X may not be included in the discrete velocity space Xj, we define the
approximate solution of the state equation (2.1)—(2.2) by using the weaker bilinear forms
ap : Xp X X, — Rand by, : X3, x M, — R with

n(Vh, @n) == ) Z/th Veni and  bu(pn,pn) i=— Y /phV Ph-

TeT, i=1 TeT)

Here, the i-th component of the vectors vj, and ¢y, is denoted by vy, ; and ¢y, 4, respectively.

The bilinear form a(-,-) induces a broken H'()-norm by || - || x, := ax(-,-)*/2. For a
given control u € U the discretized state equation reads as
Find (vp,pp) € Xp, x M}, such that
an(vh, pn) + bn(@n, pn) = (u,0n)  Vn € Xp, (2.5)
bu(vn, ¥n) =0 Vb, € Mp,. (2.6)

Analogously, the discretized adjoint equation is given as

Find (wp, ) € Xp x My, such that
an(wn, on) — bn(pn,mh) = (v — V4, ¥n) Yon € Xp,
by (wh, ¥n) =0 Vb, € M,.

The solution mappings Sj, and S}, of the discretized state equation are defined such that
one has for all (¢p,¥p) € Xp x My, and u € U

an(Snu; on) + bu(pn, Spu) = (u,p)  and  b(Spu,vp) = 0.

Analogously, we introduce S; and S as solution mappings of the discrete adjoint
equation and the operator P, such that P,u = S} (Spu — vq) = wp,.

The discretized optimal control problem reads as

Jh(ﬁh): min Jh(uh)
uhEU;:d

1 v
Tn(un) := 5l1Shun = vall ) + 5 lunll 2o



As in the continuous case, this is a strictly convex and radially unbounded optimal
control problem, that admits a unique solution uy. This solution satisfies the necessary
and sufficient optimality conditions

vy, = Spin,
wy, = S} (0 — va),

(I/th + wp, up — th)U >0 Yu € Ugd.

In the following we state assumptions that has to be satisfied by the spaces M}, and X},.
In the Sections 5 and 6 we present examples of suitable spaces.

Since we also like to include non-convex domains 2, it is convenient to describe the
regularity of the solution in weighted Sobolev spaces. Since we may consider problems
with corner- and/or edge-singularities, we introduce the general weighted Sobolev spaces
HE(Q)4, k = 1,2. The corresponding norm is defined as

1/2

HUHHﬁ(Q)d = Z HWQDQUH%Q(T)d (27)

|| <K
where w,, is a suitable positive weight depending on the concrete problem under consid-
eration.

(A2) For the solution of the Stokes problem one has for a sufficiently smooth right-hand
side u

(v,p) € H2, () x Hy, ()
with suitable weights w1 and ws.

(A3) The discrete Poincaré inequality
[vnllz2@@)ye < cllvnllx, Vup € X

holds.
(A4) The embedding H?2(Q2) — C(Q) holds such that S : U — C(Q)<.

(A5) There exist interpolation operators % : H2(Q)? N X — X, N X and i} : HL(Q) N
M — Mj, such that for the solution (v,p) € X x M of the Stokes problem (1.2) the
interpolation properties

(i) [lv = djvllx, < chlvllmz @) < chllullrz(o)
(i) [lo = dpvllLoo ) < cllullpz@)a

(iii) [lp — ihpllz2e) < chllpllmy @) < chllull L2y

hold.



(A6) There exists a p satisfying

p<oo ifd=2

2.8
p<6 ifd=S3, (28)

such that the inverse estimate

lenllo@ < ch Hienlle@) — Ven € Xn

is valid.

(A7) A consistency error estimate holds for the space Xj,

lan (v, o) + bn(en, p) — (u, 0n)| < chllonllx, lullz@)  V(u, @n) € L*(Q) x Xp.

where (v,p) € X x M is the solution of the Stokes problem (1.2).
(A8) The pair (X}, M) fulfills the uniform discrete inf-sup-condition, i.e. there exists

a positive constant 3 independent of h such that

b
nf sup o Pmtr)
Un€M o exy 19l x, 191 ar

= p.

We introduce two projection operators. For continuous functions f we define the pro-
jection in the space U}, of piecewise constant functions by

(Rnf)(x) = f(Sr)ifz €T (2.9)

where S denotes the centroid of the element T'. The operator @, projects L2-functions
g in the space U}, of piecewise constant functions,

(Qng)(x) : |T\ / x)dx for z € T. (2.10)

Both operators are defined componentwise for vector valued functions. For these oper-
ators we state the following two assumptions.

(A9) The optimal control @ and the corresponding adjoint velocity w satisfy the in-
equality

|Qn — R 20y < ch? (Jlllcoay + lallonay ) -
(A10) For the optimal control 4 and all functions ¢, € X}, the inequality

(Qnti = Rty pn)12(@) < ch® ol ooy (lllcor oy + lvallnray)

holds.

The assumptions (A9) and (A10) are independent of the spaces M} and X;. They
only depend on the structure of the underlying mesh as well as on the regularity of the
solution of the optimal control problem.



3 Results from finite element theory

In this section we give some estimates concerning the finite element error in the state
equation. We especially pay attention to non-conforming methods and prove that the
L?()-error of the approximation of the velocity field is of order 2 under the rather
general assumptions (A1)—(AS).

Lemma 3.1. Assume that assumptions (A1)-(A8) hold. For an arbitrary control w € U
the approximation error in the state and adjoint state can be estimated by

1520 — SPull 20y + |Shu — Sullx, < chllully (3.1)
1Shu — Sully < ch?jully (3.2)

ISkt = Sulloey < hllull for p satisfying (28)  (3.3)

S — Sull oy < ellully (3.4)

| P = Pully < ch®(ullu + vallo). (3.5)

Proof. In this proof we use the abbreviation v = Su, v, = Spu, w = Pu and wy, = Pyu.

From [11, Chap. II, Proposition 2.16] one has

- - < £ Jjo— inf ||p—
v —wnrllx, +llp = prllre@) < ¢ nXhHU <PhHXh+th1éthHP anllr2(0)

i
PhE

b _
te sup |lan(v, on) + bn(wn,p) — (f,vn)l
Ph€Xp HSOhHXh

Then estimate (3.1) can be concluded from (A5) and (A7).

In order to prove the L2-error estimate (3.2) we apply a non-conforming version of
the Aubin-Nitsche method. Therefore we consider for g € U the solution (p4,14) €
(HF Q)N H2(Q)%) x (L2(2) N HL(Q)) of the saddle-point problem

a(pg, ©) +b(p,¥g) = (9,9) Ve eX (3.6)
b(ipg, 1) = 0 Vb € M. (3.7)

We introduce for (¢,p,v) € X x M x X the abbreviation

dn(p, p,v) == an(p,v) + bu(v,p) — (u,v).



Then one has for ¢ € X, and ¢, € Mj,

an(v =V, g — pn) + 0 (v — vh, g — ) + br(Pg — Phsp — Ph)
—dp(v,p, Pg — ©n) — dh(‘zog’ g, v — vp)
= —ap(v — vn, ) — bp(v — vp, Yu) — bu(wyg — Pn, PR)—
an (v, pg) + an(v, pn) + (us g — n) + (9,0 — vn)
= ap(vn, pn) — (u,on) — an(v, vg) + (u, pg)—
br(¢g — ¢n,pn) — bn(v — vh,¥n) + (g,v — vp)
= —bn(¢n,pn) + b(wg, ) — bn(pg — Yn, Pr) — bn(v — vp, ¥n) + (g, v — vp)
= —bn(¢g: Pr) + bn(vh, Yn) — ba(v,¥n) + (g,v — vp)
= (9,v —vp)

In the last two steps we have used (3.7) and (2.6), respectively. Further, by (v, 1) = 0
since My, C M. Now we can continue with

g,V — Up
[v—vnllp2@e = sup (g:v = on)
0£ger2(@) 19llL2(0)e

< sup ||9||Zz1(9)d (lan(v = vn, 09 = @n)| + [br(v = va, g — Vp)|+
0#geL?(Q)4

+ |bu(@g — ©n.0 — Pr)| + |dn(v,p, 09 — @n)| + |dn(@g, Vg, v — 1)) |-
(3.8)

We estimate these terms separately. For the first term we set ¢, = i} ¢ , where i} is the
interpolation operator of (A5). This yields

|an(v = vn, pg = Ghpg)| < cllv = vnllx, lvg = Thpgllx,

< ch?||ull p2allgll 2y (3.9)

To estimate the second term we set ¢, = i1, with the operator 4}, of (A5). Then one
has

[ (0 = vn, g — iy tbg)| < llo = vnllx, 199 — Thbgll 20

< ch?||ull 2allgll L2 (- (3.10)

where we have used (3.1) and (A5)(ii). The third term can be estimated by

bn(pg — ihpg, 0 — Pr)| < llvg — ihpgllx, llp —thL2(Q)
< ch®|Jull p2yallgll 120y (3.11)

where we used the properties of i} given in (A5) and the L2-error estimate for p in (3.1).
Since ¢4 — 7@y € X there holds for the fourth term

dn(v,p, Pg — izSOg) = ap(v, Pg — iZSDg) + bh(@g - i};gpg,p) — (u, Pg — Zﬂli‘ﬁg) =0. (3.12)

10



Finally, the fifth term yields

|dh(S0g71/1g,U —vp)| = ‘ah(sogﬂ} —vp) + bp(v — Uhﬂbg) —(g,v —vy)
< ‘ah(Sogﬂf - Z;;’U) + bh(v - izvng) - (g,v - ZZ,U)’
+ |an (g, ipv — va) + bp(ipv — vi, ¥g) + (9,550 —vp)]. (3.13)

Since v —ijv € X we can conclude like above
lan(pg, v — ipv) + bp(v — ipv, 1) — (g,v — ipv)| = 0. (3.14)

The consistency error estimate of (A7) entails

lan (g v = vn) + bn(iv = vn, Yg) + (9,730 — va)| < chllihv — vnllx, [l9]lL2)- (3.15)

With equations (3.14) and (3.15) we can continue from (3.13) with

|dn (g, g, v = vn)| < chllipv — vallx, 19l L2(0)
< ch(llv = wvallx, + llv = ihollx,) gl 2o
< ch?|lull 219 20
where we have used again (3.1) and (A5)(i). This last estimate implies together with
(3.8)—(3.12) the assertion (3.2).

Estimate (3.3) follows directly from inequality (3.1) by the embedding H'(Q) — L?(Q)
for p satisfying (2.8).

In order to prove inequality (3.4), we can conclude from the triangle inequality and
properties (A5) and (A6)
[(Sh — S)ull Lo (e < [[Su — iR Sull oo (qya + 1Shu — i Sul| oo ()4
< CHUHLQ(Q)‘I + ch*1||Shu — ZZSUHL[)(Q)d
< cllull 2y + eh™ (11Shu = Sull oaye + 15w = 5. Sull oy )
(3.16)
for a certain p satisfying (2.8). Since H'(Q)) — LP(Q) for such a p one can conclude

from (A5)(i) that
184 — 83 Sull iays < chllulo

With this estimate we can continue from (3.16) and get together with inequality (3.3)
the desired result (3.4).

For the proof of inequality (3.5), we write
| Phu — Pullg = [|S,(Shu — va) — S™(Su — va)llv
< ||S*Su — S;;Shullu + ]S vy — Sivallu
< [[S*luv—v||Su = Spullv + [|(S* — Sp)Spullv + [1(S* — Sp)vallu
< ch?||ully + ch?||Spullu + ch®||vallu (3.17)

11



where we have used the boundedness of S*, i.e. ||S*||ly—y < ¢ and inequality (3.2).
Notice, that the proof of (3.1) and (3.2) also works for S* and S}, respectively. As a
direct consequence of (3.1) one has the boundedness ||S}|v—u < ¢, such that inequality
(3.17) yields the assertion (3.5). O

Lemma 3.2. The discrete solution operators Sy and S} are bounded,

[Shllv—v < ¢, |Shlv—v < ¢,
[Shllo—x, < ¢ ISillv—x, <c¢,
HSh”UHLOO(Q)d <c, HS;:HU*)LOO(Q)d <cg,

with constants ¢ independent of h.

Proof. We show this lemma for the operator Sy, the proofs for S} are analogous. The
first estimate follows with

[Spully < |Sully + [[Shu — Sully

from the boundedness of S as operator from U to U and inequality (3.2). The subtraction
of the equations (2.5) and (2.6) yields

an(Snu, pn) + bn(@n, pr) — br(Shu, ¥n) = (u,n)  Y(pn,¥n) € Xp X Mp.
If one chooses (¢n, ¥n) = (Spu, pp) this implies
apn(Spu, Spu) = (u, Spu).
Therefore we can estimate

1Shull%, = an(Shu, Shu) = (u, Syu) (3.18)

< cllull L2 |Shull2 ) < cllull (o)l Shullx;, (3.19)

where we have used the Cauchy-Schwarz inequality and the discrete Poincaré inequality
(A3). Division by [|Spullx, yields [[Spullx, < cllullr2(q) and the second estimate is
proved. The third estimate follows from the boundedness of S and inequality (3.4),

[Shull o (e < |ISu — Spull poo(qya + [[Sull oo (e < cllullu.

4 Superconvergence

In this section the main result of the paper is given. First we prove in Theorem 4.3, that
the approximate solution iy, is closer (in the L2-sense) to the interpolant Ry than to
the optimal control @. This was originally discovered by Meyer and Rosch [29] for an

12



optimal control problem governed by the Poisson equation. Such a fact is often referred
as supercloseness. Based on this result, we show that the approximate control @y, which
is constructed as projection of the discrete adjoint velocity wp in the admissible set
U4, converges in L2(f2) to the optimal control @ with order 2. Due to the fact that @
was originally approximated by piecewise constant functions, this is a superconvergence
result.

We first prove some properties of the operator Rj,.
Lemma 4.1. The estimates
Ikt = S Rnillo < ch? (J[all o e + [vall o oye)
| Puis = PaRyller < eh? (Iall oy + loallcoraye) (4.2)

are valid.

Proof. A proof of this lemma in case of a conforming discretization was given in [35]. In
the context of optimal control of the Poisson equation Apel and Winkler gave a proof
in [8]. The following proof is similar to that, but takes a possible non-conformity into
account. First of all, we write

= (u — Qpu, Pyu — PyRpu)y + (Qru — Rpu, Pyu — PyRpu)y. (4.3)
We estimate these two terms separately. For the first term, we recall the inequality

(f = Qnf. 9) 2y < bl fla gl o
which is valid for all f,g € H(T), see [8, (47)]. Therefore one can conclude
> (@ — Quit, Pyt — PRy poirya < ¢ > W |l g ya| Patt — Po Ryl gy oy

TET}L TET}L
1/2

< ch?lalgyqya | D [Pt — PaRatilfa pya
TeT,
(4.4)

Since one can write

D 1Pui = Py Ryl oy = |95 (Shtt = SuBat)l[%, < |17 l7—x, 1St — S Ruillfr
TETh

it follows from Lemma 3.2 and (4.4)

(fL — Qnu, Pyu — Pthﬂ)U < Ch2|ﬂ’H1(Q)d”Shﬂ — SthfLHU. (4.5)
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According to the projection formula (2.4) the domain 2 splits in two parts, the inactive
part 7, where & = — 21 and the active part Q\Z, where @ is constant. Since U] g1 (\17ye =
0 one has

[l e @pe < el oy < IS @157 = vallo < ¢ (ll ooy + Ivall e e
(4.6)

where we have used the boundedness ||S*(|;;_, y1(qye < ¢ and ||S|lu—v < c as well as the
embedding L>®(Q) — L2(£2). So we get from (4.5) and (4.6) the estimate

(u — Qpu, Phu — PyRpu)y < ch? (HﬂHLoo(Q)d + H’UdHLoo(Q)d) |Shu — SpRpt|y.  (4.7)

In order to estimate the second term of equation (4.3), we utilize Assumption (A9) and
get

(Qhﬂ — Ryu, Phu — Pthﬂ)U < ch? (H’I_L”Co,a(ﬁ)d + H’UdHCO,a(Q)d> thﬂ — PthﬁHLoo(Q)d
< ch? (J[all o @y + [vall ooy ) 1S3 lly—coq@yell Snis = SnRntllu
< ch? <||ﬂ|\coﬁa((z)d + ||Ud||co,v(Q)d> |Sht — Sp Ryl (4.8)

by applying Lemma 3.2 in the last step. Estimates (4.7) and (4.8) yield together with
(4.3) and the embedding C%7(Q) < L>(Q) the assertion (4.1).

Since Ppu — PRyt = S;Spu — S Sy Ryt inequality (4.2) results from (4.1) and the fact
that S} is bounded from U to U (see Lemma 3.2). O

Lemma 4.2. The inequality
V”Rhﬂ — ﬂhH2U < (Rhﬂ) — Wp, Up — Rhﬂ)U

holds.

Proof. A proof of this lemma is given in [35]. The assertion can be derived from the
optimality condition (2.3) and the proof is independent of the underlying discretization.
O

Now we are able to state the following supercloseness result.

Theorem 4.3. The inequality

ln — Bullr < eh? ([l ooy + Ivalloor @ye)

18 valid.
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Proof. This result follows with assumption (A9) like in the proof of Theorem 4.21 in
[37]. For the sake of completeness we sketch the proof here. From Lemma 4.2 we have

v||ap — Ryallf < (Rpw — wp, 4, — Ryi)y
= (Ryw — @, ), — Rpa)y + (0 — PRy, Uy, — Rpt)y
+ (PhRyu — wp, Uy, — Rpa)y. (4.9)

We estimate these three terms separately. For the first term, we use that @ is an
L?-projection and get

(Rpw — w, iy, — Rpu)y = (Rpw — Qpw, up, — Rptt)y + (Qnw — 0, 4y, — Rp)y
= (Rpw — Qpw, up, — Rpu)y.

The Cauchy-Schwarz inequality yields together with assumption (A9)
(Rpw — w,up, — Rpu)y < ||Rpw — Qpo||y||un — Ryl
< ch? (l[all ooy + lealloos@ye) lan — Rually. (4.10)

For the second term we apply again the Cauchy-Schwarz inequality and use w = Pu, so
that we arrive at

(0 — PRyt up — Rpu)y < ||Pu— Py Rpullullun, — Ryully-
With the estimates (3.5), (4.2) and the embedding C%?(Q)¢ < U, one can conclude
|Pu — PyRyully < ||Pu— Ppully + || Pot — PpRyullu
< ch? ([[@ll o @y + lvllcosye)
and therefore
(0 — Py Ryl up, — Rpit)y < ch? (||ﬂ||co,v(Q)d + ||Ud||00ﬁa(s’z)d) |an — Rpally.  (4.11)
The third term can simply be omitted since

(PnRpt — wy, up, — Ryu)y = (PyRyt — Pyip, un, — Ryt)y
= (Sh(Rpu — up), Sp(un — Rp))u
<. (4.12)

Thus, one can conclude from the estimates (4.9)—(4.12)
vlan = Bl < eh?® (il eo.r@ye + vallcor@ye) Iun = Riillor

what yields the assertion. O
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We compute an approximate control in a post-processing step. To this end the control
uy, is constructed as projection of the approximate adjoint velocity wy in the set of

admissible controls,
- 1_
th = Mg ) <—th) :

In the following theorem we formulate our main result.

Theorem 4.4. Assume that the assumptions (A1)-(A10) hold. Then the estimates

9= wull < eh? (allcor @y + loalcon@e) (4.13)
o = nllu < ch? (Jlillcos e + lvallenraye) (4.14)
= anllo < eh? (el ooy + lvallcon oy ) (4.15)

are valid with a positive constant ¢ independent of h.

Proof. In order to prove the first assertion we apply the triangle inequality and get

|0 = vpllo = |15 — Spunllv
< HSU — ShuHU + HS}LE — SthﬁHU + HSh(Rhﬂ — ﬁh)HU-

The first term is a finite element error and is estimated in (3.2). For the second term we
consider inequality (4.1). For the third term we use the supercloseness result of Theorem
4.3 and the boundedness of S}, given in Lemma 3.2. These three estimates together yield
(4.13). In a similar way one can prove inequality (4.14) by using the estimates (3.5) and
(4.2) and again Theorem 4.3 and Lemma 3.2. By using the Lipschitz continuity of the
projection operator, we get

1 1
Huau <_w) _Huau (—'Il}h>
’ [ ) b} v [ ’ b] v U

- L,
i~ anll = <o mly

and inequality (4.15) is a direct consequence of estimate (4.14). O

5 Example in 3D with anisotropic mesh grading and
non-conforming discretization

In this section we consider the optimal control problem (1.1)—(1.3) in a prismatic domain
with a reentrant edge. We show, that the assumptions (A1l)-(A10) are fulfilled for
an approximation of the velocity in the Crouzeix-Raviart finite element space and an
approximation of the pressure in the space of piecewise constant functions. We set
Q) = G x Z, where G C R? is a bounded polygonal domain and Z := (0,2y) C R is
an interval. Additionally, it is assumed that the cross-section G has only one reentrant
corner located at the origin. Thus 2 has one reentrant edge £ which is part of the
xz-axis. This is no restriction since the case of more than one reentrant corner in G can
be reduced to this situation by a localization argument.
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5.1 Regularity

The regularity of the solution of the Stokes equation (1.2) in the prismatic domain 2
introduced above, can be expressed in weighted Sobolev spaces. We denote by r(z) the
distance of x to the singular edge and define

Vﬁ’mp(g) = {v eD'(Q): ”UH\/;”’(Q) < OO}

with
1/p

||v||Vk,p(Q) = / Z pP(B=ktlal)| pay P dg
B Q
|a|<k

Here, k € N, p € [1,00) and # € R is assumed. The spaces V;’Q(Q) will play the role of
the spaces H¥(9) introduced in Section 2.

We recall some regularity results for the Stokes equations in these spaces.

Lemma 5.1. Assume that u € LP()3, g < p < oo and let A > 0 be the smallest positive
solution of

sin(Aw) = —Asinw (5.1)

where w is the interior angle at the edge. Then the solution (v,p) € X x M of the Stokes
problem (1.2) satisfies

veV;P(Q)? andp € VyP(Q) VB >2- A ; (5.2)
and the a priori estimate
lolly2 e + Bl 0y < el ooy (5.3)
holds. Further one has for u € L*(Q)3
d3v € V2 (Q)?P  and  d3p € LA(Q) (5.4)
with the corresponding a priori estimate
1950ly1.2(q)s + 93Pl L2(0) < cllullL2()- (5:5)
Proof. The assertions (5.2) and (5.3) follow from Theorem 6.1 of [27]. In our case for
the vertex eigenvalues A, the inequality Re\; > 1 holds [31]. This means we can choose
By = 0 in Theorem 6.1 of [27]. So setting m = 2 in this theorem yields (5.2) and (5.3).

The extra regularity in edge direction stated in (5.4) and (5.5) is proved in Theorem 2.1
of [3]. O
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Remark 5.2. The smallest positive solution A of (5.1) satisfies

% <AL g,
see e.g. [16].
Corollary 5.3. For the solution (u,v,p) of the optimal control problem (1.1)—(1.3) one
has for o € (0, %)
e C%(Q)? and u e C*7(Q)3 (5.6)
and further
[0l Loe@ys < llcoe@ys < elltllpoeys < clltllco @ys- (5.7)

Proof. In the following we utilize Lemma 5.1 and the projection formula (2.4). Due
to the definition of the problem, one has 4 € L?*(Q2)3. This means for a value u < A
that v € V12_’2H(Q)3 since 1 — p > 1 — A. Since A > 1/2 (see Remark 5.2) one can

always choose a value for p such that 1/2 < p < A. Then the embedding V12_’2M(Q) —

\/027(17”)’2(9) — Wtr2(Q) — L>®() holds according to [36, Lemma 1.2], the Sobolev
embedding theorem and the fact that 1+ — 3/2 > 0. This yields v € L>®(Q)3 and
therefore © — vy € L*(Q)3. Applying Lemma 5.1 to the adjoint equation yields w €
Vg’p(Q)3 for all p > 6/5 and 5 > 2 — X\ — 2/p. In the following we choose 3 such that

2
2—A——<ﬁ<2—§—a
D p

This is possible as long as A > 1/p + 0. Since ¢ < 1/2 and A > 1/2 this can be
guaranteed for p large enough. With this setting the embedding V; P(Q) — 1/027’3 P(Q) —
W2-BP(Q) — C’O’f(Q) holds and it follows w € C%?(Q)3. The projection formula (2.4)
yields u € CO"’(Q)_3. With the same argumentation for the state equation one can
conclude v € C%?(Q)3. The estimate (5.7) follows then from Lemma 5.1,

9] oo ()2 < [I9]lco.0@ys < CH@”V;P(Q)s < cllal|Lr(ays < cllull ey < clltll oo ()
where we have chosen p large enough. O
Corollary 5.4. For the optimal adjoint velocity w one has w € W'P(Q)3 and

@l wre)s < e (lall L)z + vall Lo @)s) (5.8)
with p < 125. Furthermore it is © € Vllfl:((l) and

@2z oy < € (lall (e + vl cae) (5.9)

forallp>1and,u<)\—|—%.
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Proof. Since p < & itis1>2—-X\— %. Therefore we can choose § =1 in Lemma 5.1.
Since VP(Q)? < V) P(Q)? — WP(Q)3 it follows from (5.2) and (5.3), that
@1y < cllv = vallLr)s-

Then the assertion (5.8) follows from the embedding L*°(Q2) — LP(Q2) and Corollary
5.3. For the proof of (5.9) we set § = 2 — p in (5.3). This is possible due to the fact
that 2 —pu >2— X — % for all p > 0 since p < A\. With embedding V22_’IL(Q) — Vll_’Z(Q)
we can write

9010 0y < €llp — vl oo

This yields together with the triangle inequality, Corollary 5.3 and the embedding
L>*(Q) — LP(Q) the assertion (5.9). O

Lemma 5.5. Let vg € C%7(Q), 0 € (0,1/2), and v > 1 — X\. Then the inequality

77 Pall @y < ¢ (allcoaaye + leallcnnay )

1s valid.

Proof. In order to prove the assertion we utilize Theorem 6.1 of [28]. We set [ = 2
and § = (§ in that Theorem. This results in the condition 2 — A < § — o < 2, what is
equivalent to

l-A<d—-0o—-1<1 (5.10)

Since ¥ —vg = St —vg € C*?(Q) (comp. Corollary 5.3) we can conclude Pu € C’g’g’(Q)S’

for § satisfying (5.10). The definition of this weighted Holder space is given on page
1013 of [28]. Taking this definition into account, one can conclude

P10V Pu e L®(Q).
If we set v =60 — o — 1, it finally follows
||T7VPU||L00(Q) < CHT} - vd”co,a(g) fory>1- A

The application of the triangle inequality and (5.7) yields the assertion. O

5.2 Discretization

We define a family of anisotropic, graded meshes 7, = {T'} which satisfy assumption
(Al). First, we introduce a graded, isotropic triangulation {7} in the two-dimensional
domain G. The elements are triangles. With h being the global mesh parameter, p €
(0,1] being the grading parameter and r, being the distance to the corner,

rri= inf (22 + 22)V/?
(z1,z2)ET
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the element size h, = diam 7 is assumed to satisfy

ht/k for r, =0,
hy ~ hri_“ for 0 <r; <R,
h for rr > R.

Here, R is some constant. From this graded two-dimensional mesh we build a three-
dimensional mesh of pentahedra by extruding the triangles 7 in x3-direction with uniform
mesh size h. In order to generate an anisotropic graded tetrahedral mesh, we divide each
of these pentahedra into tetrahedra. Note that the number of elements is of order h—3
for every p € (0,1]. We can characterize the elements T of such a mesh by the three sizes
ht1, hro and hr s, where ht; is the length of projection of 7" on the x;-axis, ¢ = 1,2, 3.
In detail, with r7 being the distance of the element T' to the edge,

rp = inf (22 + x%)l/Q,

f
zeT
the element sizes satisfy

hr; ~ pi/m for rp =0,

hr; ~ hrilp*“ for rp > 0, (5.11)

for ¢ = 1,2. For the grading parameter, we demand
<A

We approximate the velocity by Crouzeix-Raviart elements,
Xy = {Uh S L2(Q)3 : vh]T S (P1)3 VT,/ [vh]F =0 VF}
F

where F' denotes a face of an element and [vy|p means the jump of vy, on the face F,

lin%(vh(a: + anp) —vp(x —anp)) for an interior face F,
a—

[vn(2)]F == {

vp () for a boundary face F.

Here np is the outer normal of F'. For the approximation of the pressure we use piecewise
constant functions, this means

My, = {qh S L2(Q) : qh|T € Py VT,/Qqh = 0} .
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5.3 Proof of assumptions (A2)—(A10)

The spaces V; 2(Q) play the role of the spaces HE(Q2). The corresponding regularity
results, that prove assumption (A2), are given in Lemma 5.1.

The discrete Poincaré inequality of assumption (A3),
[onllr20) < ellvnllx,  Yon € Xa,

is proved in [25, Corollary 5.4].
The assumption (A4) follows from the embedding

V(@) = V) - WHR(Q) < O(9).

The first embedding is proved in [36]. The second one follows directly from the definition
of the spaces. The last embedding is a conclusion from the Sobolev embedding theorem
and the fact that one can choose p such that 1/2 < p < A and therefore 1 + p — % > 0.

In order to prove (A5) we introduce the interpolant Eqy defined by

(Bonv)(z) =) aipi(x).

i€l

Here, I denotes the index set of all nodes X; not belonging to G x {0, zp}. The functions
; are the nodal basis functions. The coefficients a; are defined as value of the L?(o;)-
projection of v into the space of constants over o;. The subset o; is chosen such that it
satisfies the following conditions.

(P1) oy is one-dimensional and parallel to the x3-axis.
(PQ) X, €7;

(P3) There exists an edge e of some element 7' such that the projection of e on the
xs-axis coincides with the projection of o;.

(P4) If the projections of any two points X; and X; on the z3-axis coincide then so do
the projections of ¢; and o;.

This interpolant was originally introduced in [6]. It is a modified version of the quasi-
interpolant Ej, from [1] and is chosen such that homogeneous Dirichlet boundary con-
ditions are preserved. In the following we choose i} := Ep,. Notice that we do not
use the Crouzeix-Raviart interpolant although we use Crouzeix-Raviart elements for the
velocity and although the estimates in (A5) could be fulfilled by this interpolant. The
reason for this is that the Crouzeix-Raviart interpolant maps to X but not to X N Xy,
as demanded in (A5).
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Proof of (A5). The estimate (A5)(i) is proved in Theorem 5.1 of [6]. In order to prove
(A5)(ii) we write

Eopv(z) = Lglﬂ /J v] pi(z).

il

Since v is as solution of (1.2) a continuous function, we can conclude

/
v
’Gl| g;

The embedding V; 2(Q) < L®(Q) yields together with Lemma 5.1

| Eonv|| oo (@) = sup < [vll oo (- (5.12)

el

Joll e @y < eliolly 2y < e (513)
Now we can conclude with the triangle inequality and the estimates (5.12) and (5.13)

v — Eonv|l oo (o) < lvllnee (@) + [[Eonvllne @) < [lullr2i)

and (A5)(ii) is proved. To prove (A5)(iii) we set &}, := Qp as defined in (2.10). The
assertion is shown in the proof of Lemma 3.2 in [3]. Notice, that M}, in that proof is the
interpolant @), in our setting. O

In the following we prove assumption (A6).
Proof of (A6). For an arbitrary ¢, € X} one has

lnll ooy = I16nll ooy < ll@nll oy < AT Pllonllocry.
We choose the minimal element size according to (5.11) and arrive at

ol o) < ch 2/ “PR=VP oy L)

In order to achieve —% — % > —1 one has to demand p > % + 1. This condition is no
contradiction to p < 6 as long as u > % But this can be satisfied since p has only to fulfill
the condition 4 < A and A > § (comp. Remark 5.2). Therefore it exists p € [% +1, 6}
such that

lenlle(@) < ch™ionllo)-

what is the inequality of assumption (A6). O

The consistency error estimate (A7) and the discrete inf-sup-condition (A8) are proved
in [3].

In [37] assumptions (A9) and (A10) are proved for the solution of the optimal control
problem (1.1) governed by the Poisson equation. In their proof the authors made use of
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results concerning the regularity of the solution along the edge in the spaces LP(2) for
general p. Since such estimates are not available for the Stokes equation, a component-
wise consideration of their arguments is not possible here. In the following we prove
assumptions (A9) and (A10) without using additional regularity along the edge in the
spaces LP(Q) for p # 2.

First of all we recall two lemmata from [37] concerning the projection operators R, and

Qh.

Lemma 5.6. Let 7j, be a conforming anisotropic triangulation satisfying (5.11) and let
Ry, be the projection defined in (2.9). Then there holds

T[S o D oy for f € HA(T)
< QT ey BEID gy for [ € WHS(T)
T ey Jor | € C(T).

[ = Ry

Lemma 5.7. Let the mesh be graded according to (5.11). Then the projection operators
Ry, and Qy, defined in (2.9) and (2.10) satisfy the inequality

1Qnf — Bufllr2ry < |T|V/2=1/p Z R D fll Lo (1)

|al=1
for all f € WYP(T) with p > 3.
Now we are ready to prove (A9).
Proof of (A9). First of all we split Q in two parts,
K.=|J T K =K. (5.14)

TNEAD
First we prove the estimate in K. Notice, that one has w € H?(K,)3. We write for

each component wy (k =1,2,3) of w = (w1, W, w3)

1Quak — Ruwrlfag,y = D Quion — Ruiwil|72cry
TCK,

= > i

TCKy

2

/(ﬁ)k — Rhlﬁk) dx
T
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Now we can apply Lemma 5.6 and get

Q@ — Rntwkll72(k,y < D |TI7 [eTIY? Y b | D0kl L2y
TCK, |a|=2

> Z W || D@ 21y

TCKr ||a]=2

2

IN

2 2
c Z ch? ZZHT2_2M&‘3‘@I~:HL2(T)+

TCK, i=1 j=1

: 2
Z Hrl_“é?&'wkHLz(T) + ‘833“_”‘CHL2(T)>]

=1

IN

IN

ch <|wk|2 22 () + ‘331Dk|3/11_,2 -l- |333wk|V02 )> .

—2p

This yields

1/2
|Qrw — RthL2(K,.)3 < ch? ("w’ 2.2 ()2 + ’(9311)’ 1 2 (Ky )3 + ‘63310“/02 )3> .

With the a priori estimates of Lemma 5.1, the embedding C%?(Q2) — L?() and Corol-
lary 5.3 one gets

HQh’w Rhw||L2 )3 < ch2||’l) — vdHLQ < Ch2 (HUHCOJ(Q 3+ HvdHCOo 9)3) . (5.15)
We proceed with the estimate in the subdomain K. We choose p and ~ such that

2
p>3, p< p<;, y<l—pandy>1-—\ (5.16)

1-X
Since A > 5 one has 3 < =. Further it is 3 <3 2ify < % This can be fulfilled since

% >1-— )\. Finally 1 — A < 1 — 1 due to the fact that © < A. Altogether this means,
that there are actually p and v that satisfy the assumptions in (5.16).

;From Corollary 5.4 one has w € W'P(Q2)3. Now we can apply Lemma 5.7 on every
component wg, (k= 1,2,3) of w and conclude

|Qnwr, — Rl 72 i,y = Y 11Qndr — Rl

TCK,
2
<c Y TP N RGID g Loy
TeK, lal=1
<e o > TR | Dwk oy
la|=1T€eK;
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Since h%* < ch? for all |a| = 1, one can continue with Lemma 5.5
1Qn@k — Ritkll72(xc,) < ch® D [T >P|lr 0 Vaog|| 70
TeKs
< 2|Vl Te @y D T oiry. (5.17)
TCKs
In the following we prove that the inequality
ST T[22, oy < ch
TCK,

is valid. To this end we apply the Holder inequality and get
.

> (rT|”/p)pf2] B [ > Hrw’;pmr

Do ATl Gy <

TCKs TCKs TCKs
p—2 2
P h/n P
<c Z |T| / r~ Prdr
TCKs 0

< i |7 ()

where we have used v < % (comp. (5.16)) in the last step. Because |K| < ch?/* one
can conclude

p72+27w

ST gy < ekt ) — 00 < e
TCKs

using the fact that 1 < 1 —~. This estimate yields together with (5.17) the inequality

”Qh’lf) — RhTIJ”LQ(KS)B < ChQHT’YvaLoo(Q)B (518)

and with Lemma 5.5
|Qrw — RthLQ(KS)?’ < ch? (Hﬂ”co,a(g):s + H@dHCO,o(Q)s) . (5.19)
Together with estimate (5.15) this yields assumption (A9). O

It remains to prove assumption (A10).

Due to Lemma 2.1 the optimal control @ results from the projection of the adjoint
velocity w to the admissible set U2, Since this projection may cause some kinks in
u, the control can be less regular than the adjoint velocity. Therefore we classify the
elements T' € 7, in two sets,

Ky = U T, Ky = U T.

TeT,agVy (1) TeT,aeV;*(T)
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Although the number of elements in K grows for decreasing h, the assumption
#K| < ch™? (5.20)

is fulfilled in many practical cases. A detailed discussion on this assumption can be
found in [37].

In [7] it is proved that (A10) is valid for the Poisson equation under the assumptions
@ < X and (5.20). The regularity of the adjoint state plays a crucial role in that proof.
Since the regularity properties of each component of the velocity field of the Stokes
problem are similar to that of the Poisson equation, the following proof is also similar
to that given in [7]. The result for the Stokes equation follows by a componentwise
consideration. For the sake of completeness we sketch the proof here.

Proof of (A10). We split the domain 2 in three parts, K, = Ki\Ks, Ky, = K>\ K, and
K as defined in the proof of (A9). Again we estimate each component of @ = (a1, @z, u3)
separately. We get for k = 1,2,3 and ¢y, = (¢n.1, ¢n2, ¥n3) € Xp

'/Q ©onk(Qrur — Rpty) dzx

/(ﬂk — Rhﬁk) dx
T

< Z len,kll Loo (1)

TeTy

The application of Lemma 5.6 on each sub-domain to the integral yields

< > lenk

‘/QSOh,k(Qhﬂk — Ryiy,) dz e | T2 RGI DY Loy

TCKa., laj=2
+ Z len,kll oo (1) T| Z hll D%ty || ooy (5.21)
TCKi,r |a|=1

+ > ekl zoo e Ttk oo () -
TCK,

Analogously to the proof given in [7] we continue with estimating the three terms sepa-
rately. Using (5.11), we get for the first term of the right-hand side of inequality (5.21)

> Nenllzoe | TIM? > gD 2y (5.22)
TCKa,» |oe|=2

2 2
<cllnill oo (i) | Ko 2 | 2D D 1P 2 050kl 2,
i—1 j—1

2
+ h? Z HTlfﬂag,iﬂkHL%KQ’T) + h2H833ukHL2(K2,T)> . (5.23)
i=1
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The second term can be estimated by

> Nenllzoe@ T Y BEID x| ooy
TCKy, lal=1

2
cllenrllre@ > T <h7”%r“Zﬂaﬂ_&k|Loo(T)+hH337lkHLoo(T)>

TCKi,r =1

IN

IN

2

2—2 — _ _ _ _

cllonnlpoe@h® > ri (ZHTJ 1Oyt || oo 1y + 1! “33ukHLoo(T)>
TCKLT =1
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cllnkll oo () I V]| poo (i, ) # K1
< ch®|[nkll oo @ Ir V] oo o) (5.24)

In the last step we have used assumption (5.20). Since |K,| < ch?/m < ¢h? the third
term yields

Z lon,gell oo () | Tl oo 7y < VK skl poo 1,y < ch?[|in ]| poo (1c)- (5.25)
TCK,

Taking the projection formula (2.4) into aaccount we can substitute g by —i;ﬁk because

Uy, is either constant or equal to —ip,. Since this is valid for every component, we
conclude from (5.23)—(5.25) together with (5.21) the estimate

_ _ C
(¢n, Qnu — Rpu) < ;h2||90h||L°°(Q)3'

2 2 2
S 0wl e,y + Y e Ol iy, 2 + 10530 r2(xc,, 2

i=1 j=1 i=1
(5.26)
2
D 0| oo ey + 1|05 | oo (i, + VHuHLoo(KS)3> : (5.27)
i=1
The aapplicationof Lemma 5.1 and Corollary 5.5 yields the assertion. O

We have shown, that the assumptions (A1)—(A10) are fulfilled for an approximation of
the optimal control problem (1.1)-(1.3) in a prismatic domain with a reentrant edge,
where for the velocity Crouzeix-Raviart elements and for pressure and control piecewise
constant functions are used. Therefore Theorem 4.4 is valid in this case.

5.4 Numerical tests

In this subsection we illustrate our theoretical findings by a numerical example. In order
to be able to construct an analytical solution we consider the slightly modified functional

1 v ov
J(v,u) = gl - vallF2iy + g lullzaoye + /ag and &
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and the state equation

—Av+Vp=u+/f in Q,
V-v=0 in Q,
v=g on 0f2.

The adjoint equation is given as

—Aw+Vr=v—uy in Q,
V-w=0 in €,
w=g on 0f2.

where the inhomogeneous boundary conditions are the result of the last integral term in
the functional J. The domain € is set as

3
0= {(rcosgp,rsingo,xg) eR*:0<r< 1L,L0<p< §7T7O<;U3 < 1},

The functions f, g and vy are chosen such that

23701 (i) 1
v=w=| 33’ ®y(p) |, p=-T=a3'0y(p), u= [ 10,-0.2] <—yﬂ))
r2/3 gin %cp
is the exact solution for the optimal control problem. Here, A ~ 0.5445 is the smallest

positive solution of the eigenvalue problem (5.1). The functions ®;, 3 and ¢, are given
as

®1(p) = — sin(Ap) cosw — Asin(p) cos(A(w — ) + @)
+ Asin(w — @) cos(Ap — @) + sin(A(w — ¢)),

Ds(p) = — sin(Ayp) sinw — Asin(y) sin(Aw — ) + @)
— Asin(w — @) sin(Ap — ¢),

Dp(p) = 2A [sin((A = 1) +w) +sin((A = 1) — Aw)].

This solution has the typical singular behavior near the edge (comp. [3]).

The problem is solved using a primal-dual active set strategy. For details we refer to
[24].

In table 1 one can observe second order convergence in the post-processed control 1y,
as long as the mesh is sufficiently graded (1 = 0.4 < 0.5445 = A, comp. Fig. 1). This
fits our theoretical findings. If one uses a uniform mesh (u = 1.0), the convergence rate
tends to 2.

28



Figure 1: Anisotropic graded mesh with © = 0.4 (left) and uniform mesh (x = 1.0)

w=04 p=1
ndof value rate value rate

14025 | 1.11E-02 1.38E-02
37779 | 6.07E-03 1.83 | 8.86E-03 1.33
108600 | 3.19E-03 1.83 | 5.66E-03 1.27
362475 | 1.49E-03 1.89 | 3.46E-03 1.23
854400 | 8.64E-04 1.91 | 2.45E-03 1.20
1135464 | 7.20E-04 1.93 | 2.20E-03 1.18
1663125 | 5.62E-04 1.94 | 1.89E-03 1.17

Table 1: L?-error of the computed control @, on an anisotropic, three-dimensional mesh

6 Example in 2D with isotropic mesh grading

In this section we consider the optimal control problem (1.1)-(1.3) in a plane domain
Q) with a reentrant corner. It is assumed, that 2 has only one reentrant corner located
at the origin. This is not a restriction since the difficulties introduced by such a corner
are of local nature, such that a more general setting can be reduced to this case. We
prove, that assumptions (A1)—(A10) of section 2 are fulfilled for several pairs of spaces
(Mp, Xp). Consequently, the superconvergence result stated in Theorem 4.4 is valid in
this case.

6.1 Regularity

The regularity results are similar to those stated in the case of a three-dimensional
polyhedral domain. This means that the solution (v,p) € X x M of problem (1.2)
satisfies

2
veV;P(Q)? andp e V3P (Q) VB>2- - 5
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and the a priori estimate
HU”VE”’(QP + HPHVBLP(Q) < CHUHLP(Q) (6.1)

holds. Further Remark 5.2, Corollary 5.3, Corollary 5.4 and Lemma 5.5 are also valid in
this two-dimensional setting. Of course you have to substitute 3 by 2 where necessary.

6.2 Discretization

We introduce a family of graded triangulations (7p)p~¢ of the domain Q such that
assumption (Al) is fullfilled. With global mesh parameter h, grading parameter p and
distance r7 of the elements to the corner,

rp= inf \/a? + 3,
€T

(1‘1,1‘2)

we assume that the elementsize hp := diam T satisfies

hi/m for rp =0,
hp ~ hr;_“ for 0 < rr <R, (6.2)
h for rr > R.

with some constant R and @ < A. Such a mesh was already used in [8] for the optimal
control of the Poisson equation in a domain with reentrant corner.

The assumptions (A9) and (A10) do actually not depend on the spaces M}, and X}, but
only on the regularity of the solution and the underlying mesh. Therefore we consider
them first. The regularity of the components of the solution of the Stokes equation is
similar to that of the Poisson equation. In [8] Apel and Winkler considered the optimal
control problem (1.1), (1.3) governed by the Poisson equation in a three-dimensional
domain with edges and corners. They used an isotropic mesh grading in order to achieve
an optimal convergence rate under reduced regularity. The assumptions (A9) and (A10)
are proved in Corollary 4.4 and Lemma 4.5 of that paper. These proofs can be easily
adapted for a two-dimensional domain with reentrant corner. A componentwise consid-
eration of the solution of (1.1)—(1.3) proves then the assertions (A9) and (A10), see also
Section 5.

In the following we give examples of pairs of spaces that satisfy the assumptions (A2)-
(A8). An overview can be found e.g. in [20].

a) Bernardi-Raugel-Fortin element

Xy = {vn € Hy(Q)? s vp|r € Py VT € Tp,}
My, = {qn € L§(Q) : qn|r € Po VT € Tp,}

where 731+ = P1 @ span{ni oAz, naAsA1, n3AiAa}
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b) (P3,Po)
¢) Mini-element
Xy = {vn € HY(Q)? 1 oplr € P VT € Tp,}
My, = {qn € C(Q) N L§(Q) : aulr € P VT € T}
where P;" = Py @ span{A; A2A3}
d) Taylor-Hood element (PS, P{)

The spaces Vﬁk 2(€2) play the role of the spaces H¥(£2). So Assumption (A2) follows from
estimate (6.1).

Since X;, C H(Q)? for the elements given in a)-d) the Poincaré inequality stated in
(A3) is trivially satisfied.

The assumption (A4) can be concluded from the embedding
2,2 1 , A
Vi (@) = Vo Q) = WHH2(Q) — O(Q).
The first inclusion is proved in [36], the second one follows directly from the definition of

the spaces and the last embedding is a conclusion from the Sobolev embedding theorem.

In order to proof (A5) we use the standard Lagrange interpolant. This is possible due
to the fact that (P}) C Xj,. Then the assumption (A5)(i) follows from Theorem 2 of
[32], the proof of (A5)(iii) is similar. (A5)(ii) is a direct consequence of the embedding
H2(Q) — L®(Q).

In the following we prove assumption (A6).
Proof of assumption (A6). For ¢, € X}, one has
lonll oo 2y = 18]l oo 1y < €llll oy = el T1 P llonll Loy

We choose the smallest element size hy = hY/# and p > % This yields

2 _
lonll ooy < b l@nlloery < b lenllLo(r)

what proves the assertion of (A6). O

For the conforming discretizations a)-d) the consistency error estimate (A7) is trivially
satisfied.

For the proof of the inf-sup-condition for the above element pairs we refer to [20]

In summary we have shown that the assumptions (A1)—(A10) are fulfilled for a couple
of conforming finite element discretization of the optimal control problem (1.1)—(1.3)
in a polygonal domain with reentrant corner provided the mesh is sufficiently graded.
Therefore the superconvergence result stated in Theorem 4.4 holds in this situation.
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Figure 2: Graded mesh with g = 0.4 (left) and uniform mesh (¢ = 1.0)

Remark 6.1. The assumptions (A1)-(A10) can be proved in a very similar way for
three-dimensional domains with corner- and edge singularities and appropriate isotropic
mesh grading (comp. [8]). On such isotropic meshes one can also use several well-
known conforming element pairs like Bernardi- Raugel-Fortin element, Mini-element and
Taylor-Hood element. A detailed overview can be found e.g. in [20].

6.3 Numerical tests

In this subsection we consider the same optimal control problem as in Subsection 5.4,
but now in the two-dimensional domain

Q= {(Tcosgo,rsingo) eR?:0<r<1,0<p< ;77}

The functions f, g and vy are chosen such that

o & (p _ _ _ _ 1_
V=w = [ T’\(I’;ESO; ] , P=-—T= r 1(1)17(30)7 u = H[71.0,0.1} <—V7~U>

is the exact solution of the optimal control problem. The functions ®;, ®5 and ®, are
defined in Subsection 5.4 and A ~ 0.5445 is again the smallest positive solution of (5.1).
In our test we use the (PS,Pp) element.

In table 2 one can find the results for this case. For the appropriately graded mesh
(= 0.4, comp. Fig. 2) the predicted convergence rate of 2 can be seen. In case of a
uniform mesh (@ = 1.0) the convergence rate is slightly better than the theoretical value
of 2\ =~ 1.09.
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Table 2: L?-error of the computed control 7, on an isotropic, two-dimensional mesh
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