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REGULARITY OF DISPLACEMENT AND STRESSES IN
LINEAR AND NONLINEAR ELASTICITY WITH MIXED
BOUNDARY CONDITIONS

ROLAND HERZOG, CHRISTIAN MEYER, AND GERD WACHSMUTH

ABsTrACT. Equations of linear and nonlinear elasticity with mixed boundary
conditions are considered. The bounded domain is assumed to be regular in
the sense of Gréger and to have a Lipschitz boundary. WP regularity for the
displacements and LP regularity for the stresses is proved for some p > 2.

1 Introduction

In the present work, we establish regularity properties of solutions to nonlinear elas-
ticity systems with nonsmooth data and mixed boundary conditions in nonsmooth
domains. To be more precise, we prove WP regularity of the displacement vector
field w and LP regularity of the stress tensor field o with some p > 2, provided that
the right hand side belongs to W~1?(£2). Moreover, the solution depends Lipschitz
continuously on the data, and we trace the dependence of the Lipschitz constant on
p. The specific maximum value of p depends only on the domain, the partition of its
boundary into Dirichlet and Neumann parts, and the coercivity and boundedness
constants of the nonlinear stress-strain relation.

Let us briefly review the existing literature concerning regularity in linear elasticity.
We only mention Dahlberg et al. [1988], Dahlberg and Kenig [1990], Nicaise [1992]
and the references therein. We point out that a result on WP regularity of the
displacement field in linear elasticity could also be obtained by a perturbation result
in Sneiberg [1974]. Tt is well known that one cannot expect W regularity of the
displacement field even for smooth domains, cf. Necas and Stipl [1976].

Recently, based on sneiberg’s result, Brown and Mitrea [2009] showed WP regular-
ity for the solution of the Lamé system accounting for mixed boundary conditions in
nonsmooth domains. They allow non-homogeneous Dirichlet boundary conditions
but no volume forces. In contrast to their analysis, we consider also nonlinear equa-
tions and give bounds for p which depend only on the coercivity and boundedness
constants of the operator. This result is of importance for instance for the discussion
of elasticity systems with temperature dependent Lamé coefficients. Given that the
temperature varies between certain bounds, our result implies the existence of a
unique solution in W' with p independent of the actual temperature field.

Shi and Wright [1994] proved results analogous to ours, but for domains with C*
boundary. Their proof relies on reverse Hélder inequalities. Lipschitz dependence
on the data is not shown. By contrast, we require only domains with Lipschitz
boundary and apply the techniques of Gréger [1989] who proved WP regularity
for mixed boundary value problems with operators of divergence type.

Date: March 1, 2010.
Key words and phrases. nonlinear elasticity, regularity, mixed boundary conditions, discontin-
uous coefficients.
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The paper is organized as follows. The main result and assumptions are summarized
in the remainder of this section. Section 2 is devoted to the proof of Theorem 1.4
concerning a linear reference problem. The nonlinear problem and the proof of
Theorem 1.1 is addressed in Section 3.

1.1. Main Result and Assumptions. We present our main results for bounded
regular domains 2 C R" of arbitrary dimension n > 1. The boundary I is Lipschitz
and it consists of a Dirichlet part I'p (of positive measure) and a Neumann part
I'y. The assumptions and notation are summarized below.

Theorem 1.1 (Main Theorem). Suppose that Assumption 1.5 holds and define
B,: WEP(Q) — WLP(Q) as

(B, (u), v) = /Qb(~,e(u)) ce(v)de Vue WEP(Q) v e WEP Q). (L1)

Then there exists p > 2 such that B, is continuously invertible. Moreover, the
inverse is globally Lipschitz .

In fact, our proof is constructive in the sense that we give sufficient conditions for p
to be admissible for Theorem 1.1. These values of p depend only on the domain, the
partition of its boundary into Dirichlet and Neumann parts, and the coercivity and
boundedness constants of the nonlinearity b. This is made precise in the following
proposition.

Proposition 1.2. Let Assumption 1.5 (1)-(2) be fulfilled. Let {b}, be a family of
nonlinearities which satisfy Assumption 1.5 (8) and suppose that (1.5¢)—(1.5d) holds

uniformly for all .. Then there exists p > 2 such that all induced operators {By},
are continuously invertible. Their inverses share a uniform Lipschitz constant.

In particular, Theorem 1.1 states that the nonlinear system (note that m is the
normal vector on I'y)

—divb(z,e(u)(x)) = f(z) in Q
n(z) - b(z,e(u)(x)) = g(x) on Ty (1.2)
u=0 on FD =TI \ FN

has a unique solution uw € WB Q) for all f and g which define elements of
W~LP(Q). Moreover, the solution depends Lipschitz continuously on the data,
ie.,
[y — wallwrs < L(IIF1 = Fallw-1s + g1 — gollw-15).-
In terms of the nonlinear stress-strain relation o = b(-,e(u)), (1.2) becomes
—dive = fin Q
n-oc=gonly
=0 onIp.

Note that Theorem 1.1 implies that o € LP (€)™ *™ since b maps LP to L?, see (1.5).

In case of the linear stress-strain relation b(-,e(u)) = Ce(u), (1.2) is the standard
system of linear elasticity.

Remark 1.3. We briefly comment on the case of nonhomogeneous Dirichlet bound-
ary conditions w = up on I'p. Suppose that an extension up € WYP(Q) of the
Dirichlet data up exists. Clearly, the domain of By in (1.1) can be extended to
elements u € WP (Q). We thus consider the problem

B,(u) = F ¢ W™1P(Q) }

u(r) =up(x) onTp. (1.3)
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We then define the shifted operator B, WEP(Q) — WLP(Q) by B,(-) := By(- +
@p). Now, (1.3) is equivalent to By(u — wp) = F, and thus w is unique. It
is easy to check that b(-,- + e(up)) satisfies Assumptions (1.5b)—(1.5d) with the
same constants as b. Moreover, b(-,0 +e(up)) € LP2(2) holds which is sufficient
according to Remark 1.6 (3). We conclude that we can prove the same regularity
for solutions to (1.3) as for solutions to (1.2) and the solution operators Ep_l and

Bp_1 share the same Lipschitz constant.

We prove Theorem 1.1 by applying the technique of Groger [1989]. To this end,
we need a linear reference problem induced by the Riesz isomorphism for W113’2(Q),
endowed with the norm generated by &(-).

Theorem 1.4 (Reference problem). Suppose that Assumption 1.5 (1)-(2) holds
and define J,: WEP(Q) — W=LP(Q) by J,(u) = —dive(u). Then there exists
q > 2 such that Jy is continuously invertible.

Similarly as above, Theorem 1.4 states that system of linear elasticity
—dive(u) = f(x) in Q
n-e(u)=g(x)on 'y (1.4)
u=0 onI'p
has a unique solution u € W5 () in particular for all f € £2(2) and g € £L2(T'y),

which depends continuously on the data. Note that this is the standard elasticity
system with Lamé coefficients ;4 = 1/2 and A = 0.

Assumption 1.5.

(1) @ C R™ is a bounded domain of dimensionn > 1, which is assumed to have
a Lipschitz boundary, see [Grisvard, 1985, Def. 1.2.1.1]. The boundary T
consists of disjoint subsets I'p and I'y. T'p has positive surface measure.

(2) The union G := QUTy is assumed to be regular in the sense of [Griger,
1989, Def. 2.2]. That is, G is bounded and for every y € OG, there exist
subsets U and U in R" and a Lipschitz transformation (a Lipschitz bijective
map with Lipschitz inverse) ®: U — U such that U is an open neighborhood
of y in R™ and that ®(U N GQ) is one of the following sets:

Ey={zeR":|z| <1, z, <0}
Ey={zeR":|z|] <1, x, <0}
Es:={x € FEy:x, <0 orxz; >0}
(3) The nonlinear function b: Q x REX™ — REXT satisfies
b(-,0) € L72(2) (
b(-,€) is measurable (1.5b
(b(z,€) — b(x,&)): (e — &) >mle — & (
|b(xz,e) — b(x,&)| < M |e — €| (

for almost all x € Q and all e, & € R with constants 0 <m < M. When

Sym
applied to matrices, |-| denotes their Frobenius norm.

Remark 1.6.

(1) Assumption (1) is equivalent to the uniform cone condition, see [Grisvard,
1985, Theorem 1.2.2.2]. In [Ting, 1972, Theorem 3], this assumption
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is used in the following way (see also [Kikuchi and Oden, 1988, Theo-

rem 5.13]): There exists a finite open covering {Uy} of Q with the following

properties:
(1) Uog C Q has a positive distance to T.

(#4) For every a, there exists a cone Ko = K(0, Ry, wq) —the segment of a
ball in R™ with vertex at zero, radius R, and aperture angle w,—such
that x + K, C Q for all z € Uy N QL.

Moreover, by refinement of the covering, it can be assumed that the cap of

the cone x + K, lies outside of U,. That is, x+ (KoN{y € R : |y| = Ra})

does not intersect Uy, for all x € Uy N Q. We refer to Figure 1.1 for an
illustration.

FIGURE 1.1. Domain € with some of its covering sets U, and
corresponding cones = + K, for some x € U,,.

For details concerning the regularity condition of Grioger [1989], we refer to
[Haller-Dintelmann et al., 2009, Section 5]. In particular, it implies that
is a Lipschitz domain (in the sense of [Grisvard, 1985, Chapter 1.2]). For
n = 2, the reqularity condition is equivalent to € being a bounded Lipschitz
domain with Ty a relatively open subset of T such that Ty NTp is finite
and no connected component of I'p consists of a single point.
Assumptions (1.5b) and (1.5d) ensure that b(-,&(-)) is measurable for ev-
ery measurable function € with values in R, Together with Assump-
tion (1.5a) they imply that b(-,e(-)) € LP2(Q) whenever e € LP(Q), see
[Precup, 2002, Section 5.1]. In fact, it is sufficient to require b(-,0) €
L12(Q) for some g > 2, which imposes an upper bound for p in Theo-
rem 1.1.

In the case of linear elasticity b(-,e(u)) = Ce(u), (1.5¢) indeed can hold
only for symmetric matrices € since Ce = 0 for skew-symmetric €. For the
standard Lamé system with Ce(u) = 2ue(u) + Atre(u) I it is sufficient
that >0 and 2+ nX >0 for (1.5¢) to hold.

1.2. Notation. In this section, we define the spaces and norms. For 1 < p < oo,
as usual p’ denotes the dual or conjugate exponent such that 1—1) + 1% =1.

Definition 1.7. We denote by LP(Q) the standard Lebesgue space on 2. The
space LP () is the space of vectors of LP(QY) functions of length m, or equivalently
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LP(Q x {1,...,m}). Its norm is given by

m 1/p
Juller, = ( / Duxxw’dx) . (1.6

For brevity we also denote this norm by ||-||, when the integer m € {n,n* n*+ n}
is clear from the context.

Definition 1.8. We denote by W1P(Q) the usual Sobolev space on Q equipped with

the norm
n 1/p
[ullwie == </QIU($)IP + ) [ Diula)|? dx) : (1.7)
i=1

We define Wé’p(Q) as the following subspace of W1P(Q):
WhHP(Q) = cl{ujg : u € C§(R™), suppunTp = 0}

with the closure in WYP(Q). In Groger [1989], the same space is denoted by
Wy ().

Definition 1.9. We define WYP(Q) as the space of vectors of WYP(Q) functions
of length n equipped with the norm

n 1/p
— u _ P
s = | (o) T (;”“l“ww> . (19)

By Wllj’p(Q) we denote the space of vectors of Wé’p(Q) functions, which is a closed
subspace of WP(Q). Moreover, we denote by W' (Q) the dual space of W5 (Q).

Remark 1.10. We emphasize that Groger [1989] uses different norms for the spaces
LP(2) (denoted by Y, there) and WP, namely

lully, = ( /Qu@)@l/pv Il = H(Vuu)

where |u(zx)|2 denotes the 2-norm of the vector u(x). However, all proofs of Gréoger
[1989], except for Theorem 1, will also work with our norms. Since we are using
only the results of Theorem 8 and Lemma 1, the use of other norms is justified. We
comment further on this issue when the results are used.

b

Yp

2 Proof of Theorem 1.4 (Reference Problem)

2.1. Preliminary Results. In this section we state three lemmas needed for the
proof of Theorem 1.4.

Lemma 2.1. For all t,d € (0,1), the function
P
g:[2,00) = R, g:pr— (1 —t—l—tdl/p)
is monotone decreasing.

Proof. We calculate the derivative
g(p) = (L=t+ a1 (L= t+td/?)In(l =t +td"/7) — a7 (/7))

and observe that the first factor is positive for ¢ € (0,1). With h(z) = xInz we
rewrite the second factor and use the convexity of h, which leads to
R((1—t) +td"?) —th(d"/?) — (1 —t)h(1) <0

since h(1) = 0. Thus, ¢ is monotone decreasing. O
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Now we are ready to prove

Lemma 2.2 (Coffee Break Inequality). For all t,k € (0,1) there exists a constant
c=c(t, k) <1 such that

(L= tpa + [(1 = )b+t (kb + )7 Y <l b7 (2.1)
holds for all p > 2 and a,b € [0,00).

Proof. 1t is sufficient to prove the inequality for the case a? + bP = 1. For conve-
nience, we set

T:=(1—t)P(1—b")+ [(1—t)b+t (k;bp+1—bp)1/”r.
Now, choose D € (0,1) such that
2
U= ((1—t)—|—t(1—(1—k)D)1/2) <c and
2
Vi=(1-t)?+ [(1—t)D1/2+t} <c,

with some ¢ < 1. This is possible since U = 1 for D = 0 and U is strictly
decreasing w.r.t. D and V is smaller than 1 for D = 0 and continuous w.r.t. D.
One may equilibrate the two terms in order to get the best constant ¢. Now we
show T' < ¢ by distinguishing two cases.

Case 1: 1 > b > D

We estimate the innermost term of 7" and obtain

EBP+1—-P=1-(1-K¥P<1-(1-k)D=k<1.
Now, we insert this estimate into 7" and have
- P
T < (1—t)P(1— %)+ [(1 - t)b+tk1/P} .

It is easy to see that the right hand side is monotone increasing w.r.t. b by taking
its derivative. And thus we have

R Y P
T<(1-tP1-17)+ [(1—t)1+tk1/ﬂ < [(1—t)+tk1/P] .
By using Lemma 2.1 we finally obtain
12
T < [(1 —t) +tk1/2] =U<ec

Case 2: b» < D
We have

T=(1—t)(L=t") + [(1= )b+t (k7 +1—b7)"/? 3
<(A=t)P+[1=t)b+t]”

(1-t)P + [(1 —t)Dl/”—&-tr.

IN

By Lemma 2.1 we know that this function is monotone decreasing w.r.t. p and thus
2
T<(1-t)7?+ [(1—t)D1/2+t] =V<ec

To summarize, we have shown that T' < ¢ < 1, which concludes the proof. O
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2.2. Korn’s Inequality. Korn’s Inequality (of the second kind) states that for
every p € (1,00), there exists a constant K (n,p) such that

IVullp < K(n,p) (le(w)} + [lull}) (2.2)
[l < (B (n,p) +1) (eI} + [[ulp) (2.3)
holds for all w € W1P(Q). Equation (2.2) is proved in Ting [1972] for bounded
domains with Lipschitz boundary, and (2.3) is a trivial consequence. We need to

verify that the constant is actually bounded w.r.t. p on compact intervals. This is
the purpose of the following lemma.

Lemma 2.3. For any 1 < g1 < g2 < 0o and with n € N fized, there exists K > 0
such that the constant K(n,p) < K for every p € [q1, 2]

Proof. Inequality (2.2) is proved in [Ting, 1972, Theorem 3] for p € (1,00). We
trace the dependence of K (n,p) on p throughout the paper to verify the assertion.
For the remainder of this proof, references to equations and theorems in Ting [1972]
appear in [brackets].

In [eq. (2.2)], we find the estimate of Calderon-Zygmund type

1R; fllp < C(n,p) [ £l

for all f € LP(R™), where R; denotes the Riesz transform. The Riesz-Thorin
interpolation theorem (see for instance Vogt [1998], Riesz [1927]) implies that

1R;llp < IR;llg, " 1R; G, < Cln,a1)'~° C(n,g2)° (%)
holds for all p € [q1,¢2] and all f € LP(R™), where 1/p = (1 — 0)/q1 + 0/¢q2. And
hence C(n,p) is bounded by max{C(n,q ), C(n,q2)} for all p € [g1, ¢2].

Next we verify that the constant in [Theorem 1, eq. (2.6)] is uniform w.r.t. p. We
start from [eq. (2.8)], i.e.,

Ui,j = €5 + Z (RkRjeki - RkRiejk).
k=1

Here, €;; = (u;,j +u;;)/2 is one component of (u). Taking norms, we get from (x)

n
i il < €' (n,9) (leiilly + D lerilly + llejills))
k=1

where C’(n,p) is bounded for p € [g1,¢2]. By summation, we obtain the desired

result [eq. (2.6)], i.e.,
/\u”| d;v<C”np /|e” )P da,

,j=1 i,7=1
where C”(n, p) is bounded for p € [g1, ¢2].

We now turn to [Theorem 3]. The constant in [eq. (4.3)] depends only on the L°-
norms of the derivatives of the partition of unity functions 7, and on n but not on
p. Passing from [eq. (4.3)] to [eq. (4.5)], the constant changes and it will depend on
p (see [eq. (4.4)]), but it remains bounded. In the proof of [eq. (4.6)], we need to
apply again the Calderon-Zygmund type inequality after [eq. (4.9)], whose constant
was already shown to be bounded w.r.t. p € [¢1, ¢2]. O
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2.3. The Operator L, and its Adjoint. We follow the notation in Groger [1989]
and define the mapping L,: W5P(Q) — L8 ,2(Q)

u
Lyu = <Vu> .

To calculate its adjoint, we have to take into account the choice of boundary con-
ditions. Since we have homogeneous Dirichlet conditions only on I'p, we have
V* # —div and also V*V # —A. To find the adjoint of the gradient, we start
with two test functions u € C§°(R™; R™) and v € C§°(R™; R™*™) which are zero in
a neighbourhood of I'p. We have

(Vu,v)rp oo = / Vu:vde
Q

= / —u -divodr + / u'-v-ndr = (u, V) pie py-1 s
Q Ty b
and thus formally, V*v = —divo + (v - n)|p, holds as elements in W17 (Q).
Therefore the adjoint of V contains not only the negative divergence, but also
some information about the normal trace along the Neumann boundary. Let us
write —V* = div. In analogy to A = divV, we write A = divV. In its strong

formulation, — Au = — div Vu = f + g|r, corresponds to
0
—Au=—-divVu=f in Q, —u=g only.
on

Now it is easy to see that the adjoint of L, is given by Ly : Eg’wﬂ (Q) — W12 (Q),
a v
Ly (A) =a —div A.

K= LyL, =1 -4,
which is a mapping from W}D’p(Q) to W=LP(Q). With a slight abuse of notation,

we also denote the scalar version of A by the same symbol, which maps W,é’p Q)
to W=1P(Q).

Finally, we define

2.4. Solvability of an Uncoupled System. By [Groger, 1989, Lemma 1], it is
known that there exists some ¢ > 2 such that I — A is invertible as a mapping
WEP(Q) — WLP(Q) for all p € [2,¢]. The norm of its inverse is denoted by M,,
which is bounded due to

M, < M?, (2.4)

where 6 is defined by % = 1;29 + g. Since the vector valued operator K, =1 — A
is not coupled, we have

and
[ (Kp)_l walmﬂwgp =M,

holds also for the vector valued case. Note that this a consequence of the choice of
the norm in W5P(Q). The next lemma follows from (2.4).

Lemma 2.4. The operator norm of (I — A)~1 satisfies My = 1, and for every
e > 0 there exists ¢ > 2 such that M, <1+ ¢ for all p € [2,q].
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2.5. Proof of Theorem 1.4 (Reference Problem). The proof is done in two
steps. In the first step, we use the idea of [Groger, 1989, Theorem 1] to show
that the operator I —dive: Wll)’q () — W=19(Q) is boundedly invertible for some
q > 2. In the second step, we show that — div e is also boundedly invertible in the
same spaces. Throughout this section, ¢ € (0, 1) is arbitrary.

Step 1: We define
B a\) a—ta
Al \A- %(A+AT)

for a € L2 and A € LP2. Therefore we have
(LyBL, — Kp)u = —t(I —dive)u,

which is the operator under consideration (multiplied by —t). In order to use the
proof of [Gréger, 1989, Theorem 1], we estimate ||}, BLy,||. Note that Ly, BL, is

an operator WEP(Q) — W~17(Q). Thus we have

Ly BLy|| = sup ||Ly BLyullyy-1.»
lull,y1p <1
D

= sup sup  (LyBLpu, v)y,, 1, 1
Jllgr <1 ol 10 <1 Vo

= sup sup  (BLpu, Lyv) sy v
Hu\lelj,pﬁl Hvl\wlljpfﬁl

= sup sup || BLpullp|| Ly vl

<1 <1
el <1 101l 1 <

(vu— k)
1/p

= s (0= Dulp+ [ Vu—te@)z) . (25)

Jull y1.p <1
[

< sup

el 1,0 <1
wpP

p

In order to estimate the second term, we write Vu — te(u) = (1 — ¢)Vu + tr(u)
with the skew-symmetric part r(u) = 2(Vu — Vu ') of the gradient. Therefore we
have

IVu —te(u)|, < (1 —=1)[[Vullp +t[lr(w)]p. (2.6)
Using Clarkson’s Inequality

i+ gl + g — gl < 207 (Jui P+ Jugal?),
taking sums for ¢, 7 = 1,...,n and integrating leads to
le()[[f + llr(wlf < [[Vallp.
Korn’s inequality (Lemma 2.3) implies
lr (@)l < (1= K= [Valp + [[ullp.
Now (2.6) yields
_ 1/
IVu —te(w)l, < (1—0) [Valp +t [(1— K [Vallh + full]7
We return to (2.5) and estimate the term in parantheses:
1A=t uly + Ve —te(u)|}
_ 1/p\P
< (1=t lfully + (0 =) [Vl + ¢ [(1= K IVl + ] )

S c ||’u’||)’;\/1,p7
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where ¢ < 1 by Lemma 2.2 with a = |lu||,, b = |Vu|, and k = 1 — K~'. This
implies

N 1/p
1Ly BL < sup (0= ullh + ||V — te(w)][})

u 1, Sl
[

<P <.

Now we can estimate |[K, 'L* BL,|| < M,c'/?. Due to Lemma 2.4 we conclude
M, ¢/9 < 1 for some ¢ > 2. This implies that Qz: W5 () — Wg5%(Q), defined
b,

' Qf(u) ==K, ' (LyBLau+tf)=u—tK, ' ((I —dive)u — f)
with f € W=14(Q), is a contractive operator. Therefore, Q¢ has a unique fixed
point, which solves (I — dive)u = f. And thus I —dive: W5'(Q) — W=14(Q)
is invertible. Boundedness of the inverse follows from

lallygro < My e/ ullyyso + 172, || Flly-sa:

since M, c*/? < 1.

Step 2: We now address the reference problem (1.4) which is governed by the
operator —dive. Let ¢ > 2 be such that I — dive: W5(Q) — W=H9(Q) is
boundedly invertible according to Step 1. Let f € W~%9(Q) be given. Since
f e W=12(Q), there is a unique solution u € WEQ(Q) to

~dive(u) = f,

which is a standard result for the linear elasticity system with Lamé coefficients
pw=1/2 and A = 0. Clearly, u satisfies

(I —dive)u = f +u.

Note that w € W=14(Q) for ¢ € [2,00) for n < 4 and ¢ € [2,2n/(n — 4)] for n > 4
by the Sobolev embedding theorem. And hence we infer from Step 1 that u belongs
to W5%(Q) and that W—149(Q) 5 f + u € W5%(Q) is continuous. O

Remark 2.5. In the proof above, t € (0,1) was arbitrary. Note that the constant ¢
in Step 1 depends on t and thus the interval of admissible q satisfying M, /1 <1
also depends on t. A careful analysis would reveal the optimal t which leads to the
largest such interval. Admissible values of q for Theorem 1.4 thus depend only on
the domain.

Remark 2.6. We point out that Theorem 1.4 could also be proved by means of an
abstract perturbation result of Sneiberg [1974] (cf. also [Auscher, 2007, Lemma 4.16]).
Let us briefly sketch how to apply gnez“berg’s result. According to Griepentrog
et al. [2002], W;l’p((l) is a scale of complex interpolation spaces. That is, there
holds WEMP(Q) = [WEMP(Q), WEPH (Q)]g with po,p1 € (1,00), 0 € (0,1), and
1/p=(1—0)/po+0/p1. The continuous invertibility of Jo: W5 (Q) — W5 ?(Q)
is a simple consequence of the standard elliptic theory. Now S'nez”berg ’s result implies
the existence of ¢ > 2 such that J,: WEY(Q) — W™149(Q) is likewise continuously
invertible, which is the assertion of Theorem 1.4.

Nevertheless the analysis presented in this section offers more insight since in prin-
ciple it allows us to specify admissible values of q for a given domain Q. Notice
further that the assertion of Theorem 1.1 cannot be directly proved by means of
gnefberg’s result since it does not apply to nonlinear operators. FEven for linear
operators b, one cannot expect a result of the form of Proposition 1.2 based on
gnez”berg’s result because it does not provide uniform bounds for p in terms of the
coercivity and boundedness constants of b.
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3 Proof of Theorem 1.1 (Nonlinear Problem)

In order to apply the technique of proof in Groger [1989], we work with the Riesz
isomorphism Jy of WBQ(Q) with respect to the scalar product

(u, v), = /Qe(u) ce(v)da.

This implies that ||j{1|| = 1, see Lemma 3.1 below. In order to use again the
Riesz-Thorin interpolation results, we endow Wj?(Q) with a new norm

1/p
fulsgy = ([ Jetwlas)

To avoid confusion, we denote this space by WBP (Q). Due to a variant of Korn’s
Inequality, the norms ||-H17\;]13,p and ||||W1Dp are equivalent on WpP(Q), with equiv-
alence constants depending on p in an unspecific way. The proof is given in the
appendix (Proposition A.2).

In the same way, we equip £P2(2) with a new norm

1/p
fullzg = ( [fugas)
Q

The space is then called £22((2).

In analogy to the operator L, for the reference problem (see Section 2.3), we define

Ly,: WiP(Q) — L22(Q) by L, := e. Note that ||uj1.» = |le(u) and thus L,
D

has norm one. Moreover, we define

| Zp2
Lp2

~

Jp:=—dive=LyL, and M, = ||J:;1HW,LMWBP

for those p > 2 such that j;jl exists and is bounded, see Lemma 3.2.

Lemma 3.1. We have J/W\g =1.

Proof. Let u € VV\BZ(Q), u # 0. We estimate
I Toullgy o = sup (To . v) = sup (u, v)e = e(u)a = [ulypye.

where the supremum extends over |[v|[j512 < 1. And thus J; is an isometric iso-
. D
morphism. O

By Theorem 1.4 and the equivalence of the norms ||-[|syL» and ||-[ e, there exists
p > 2 such that J, is boundedly invertible. However, due to the unspecific p-

dependent equivalence constants, the boundedness constant of fp_ 1 is yet unknown.
This is addressed in the following lemma.

Lemma 3.2. Iqu is boundedly invertible for some q > 2, then jp 1s also boundedly
invertible for all p € [2,q], and

i, < 7

1—
5 T

= IN

QSR

holds, where 0 € [0,1] is given by % =

Proof. The proof follows along the lines of [Groger, 1989, Lemma 1]. The main
difference is that we have L = e while L = (id, V) holds in Gréger [1989]. For
convenience, we repeat the main arguments. The operators

Pyi=Lody'Dy and P, = IL,J- L%
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map £22 or L3z, respectively, into themselves. It is easy to check that || Py = 1.
Since || Ly|| = || Ly || = 1, we obtain ||P,|| < ]\/Zq. For p € [2,q], we define P, as the
restriction of 132 to Eﬁz. By the Riesz-Thorin interpolation theorem, ]3p maps Eﬁz
into itself. Moreover, we obtain

1Pl < 122112 |1° < Mg
In a second step, we conclude the boundedness of j;)_ ! from the boundedness of ﬁp.
To this end, let f € W‘l’p(Q). We define a functional z on the image of Ep/, which
is a subset of £P2, as follows:

(2, Lyv) = (£,v)

Note that v € 17\/\117”’ s uniquely determined by Ep/v = g(v) by Korn’s inequality,
see Proposition A.2.

(. Lyw) _ (f0)

IZpvlly ol

2], = sup = [ Fll55-10»

where the supremum extends over all v € W\llj’p ,(Q), v # 0. By the Hahn-Banach
theorem, z can be extended to a continuous linear functional (again denoted by z)

on LP2 () with the same norm. For u := j{lf we need to show u € WBP(Q) and
establish an estimate for |||,
D

We have

e(w) = Lou = LyJy ' f = LyJy 'L}z = Pyz € LP>.
A standard cut-off argument now shows u € WP(Q). The verification of boundary
conditions, i.e., u € VV,%,”’(Q)7 follows as in the proof of [Groger, 1989, Lemma 1].
Thus we conclude that J, ! maps W~1?(€2) continuously into ng (©). Finally, by

T
P,=L,J, Ly,
and the isometry property of Zp and Z;,, we obtain

M, = |1, = 1P < My.

We now have the necessary tools to conclude Theorem 1.1.

Proof of Theorem 1.1 and Proposition 1.2. Recall that m and M are defined
in Assumption 1.5 and set k := (1 — m?/M?)'/2. Moreover, let ¢ > 2 be such that
fq: WBQ(Q) — 17\/\_17‘1((2) is continuously invertible, according to Theorem 1.4.
Then following the proof of [Groger, 1989, Theorem 1], we obtain the Lipschitz
estimate

1B, (F) = B @)l < m M2 M, (1= My k) 1 F = gl (3:0)

provided that p € [2,4] and ]\/Zpk < 1. In view of 0 < k < 1 and the estimate
J/\/l\p < Z/W\(f, the condition Z/W\pk < 1 holds for some p > 2. This is precisely the
statement of Theorem 1.1, except that equivalent norms are used, which does not
change the assertion. Moreover, we observe that any value of p > 2 such that
]\//jp k < 1 holds is valid uniformly for all operators b which satisty (1.5¢)—(1.5d)
with the same constants m and M. Together with (3.1), this implies the assertion
of Proposition 1.2. O
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Notice that for m = M and thus k = 0, 0, every p € [2, ¢] is admissible. The same
holds if M < 1. Incase k € (0,1) and M > 1, a sufficient condition for M k<1

11 (1 1Y [og(h)
D 3 (2 Q) log(Mq). 3.2)

A Equivalence of Norms

Lemma A.1. Let 1 < p < co. Let f be a continuous seminorm in WP (Q) with
the property

f(v)=0andv €ker(e) = wv=0.

Then ||-|I* = f(-) + le()|lp is a norm on WHP(Q) equivalent to |-|lywiv-

Proof. The inequality ||-||* < Cy |||lwr» is clear. Let us assume that there is no
Cs > 0 such that [Juljyir < Cz|jul|* holds for all uw € W'P(Q). Then we find a
sequence u,, with |[u,,||* — 0 and ||, ||w1.» = 1. Since W1P(Q) is compactly em-
bedded into L£P(2), there is a subsequence (again denoted by w,,) which converges
strongly to some w in £P(Q2). Using that u,, and e(u,,) are Cauchy sequences in
LP(2), Korn’s Inequality (2.3) implies that u,, is a Cauchy sequence in W?(Q)
and thus w,, — wu. By continuity we know ||u|y1» = 1 and ||u|* = 0. This
implies e(u) = 0 and f(u) = 0 and therefore v = 0, which is a contradiction to
[ =1. i

Lemma A.1 implies another inequality of Korn type. In contrast to (2.3), ||u|l,
does not appear on the right hand side. The inequality holds for u € W}D’p (Q), and
the constant depends on p in an unspecific way. Note that Proposition A.2 implies
that the norms H||ngp and ||-||W]13,p are equivalent on W5P(Q) since the reverse

inequality is obvious.
Proposition A.2. Let 1 < p < co. There exists a constant C = C(p) such that

lullysr < ClleCu)],

holds for all w € WP (Q).

Proof. Choose f(u) = ( [, |ul? dx)l/p, which is continuous w.r.t. W1P(Q) by
properties of the trace operator. Note that the displacements u € WP (Q)Nker(g)
are the rigid body motions, see e.g., Friesecke et al. [2002]. Thus Lemma A.1 implies
the assertion. (]
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